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CHAPTER 13 


Binomial Theorem 


13.1 The Binomial Theorem 

In this chapter, we shall prove and study an important theorem. Its statement involves 
the combinatorial numbers C(n, r) introduced in Chapter 12. Its proof is by mathemat- 
ical induction which we studied in Chapter 3. 

This theorem gives a formula for the expansion of (a + b)^ where n is any positive 
integer. It is called the binomial theorem, because as you already know, the expression 
(a +6) is a binomial. This theorem gives a formula for the powers of binomial expression. 
We first recall the following known formulae: 

(a-f 6)® =. 1 

(o 4- h)' = 0 + 6 

(o + b)^ = d* + 2a6 + 6? 

(o + 6)^ = o^ + 3a^b + 3a6^ + 6^. 

By actually multiplying, we find 

(o + 6)^ = + 4 o^ 6 + 6a*6* + 4o6* + 6^ 

(a + 6)® .= o® + 5a^6 + lOoV + 10o*6* + 5o6^ + 6*. 

The binomial theorem gives a general formula for (a + b)^ for which all these become 
particular cases. By looking at the above particular cases, we easily guess that the general 
formula would 4>e of the form: 

(o + 6)" = o" + + pao""*5* + . . . + <Vi-ioV*’' + 6". 

The description will be complete, had we known the coeflSdents ci, P 2 , . . . , For this 
purpose, we make a closer observation of the coefficients of the above known expansions. 
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We list them in the form 

1 

1 1 

1 2 1 
13 3 1 

1 4 6 4 1 

1 5 10 10 S 1 

We observe that these coefficients are the same as: 


C7(0,0) 

C(l.O) C(l,l) 


C(2,0) C(2^1) C{2,2) 

C(3,0) C(3,l) (>(3,2) 0(3,3) 

0(4,0) 0(4,1) C(4,2) C(4,3) 0(4,4) 

0(5,0) 0(5,1) 0(5,2) 0(5,3) 0(5,4) 0(5,5) 

Now we guess the statement of the Binomial Theorem: 

The Binomial Theorem: For any positive integer n, 

(o + 5)“ = 0(n, 0 ) 0 " + 0(n, l)o"~*6 + 0(n, 2)a’*~*&* + . . . + 0(n, n — l)ay*~* + 0(n, n)b’', 
where 0(n, r) = for 0 < r < n. 

Explanation: The coefficients C(n,0),O(n, 1) 0(n,n) are called binomial coeffi- 

cients. These are the same that were studied in Section 12.5. 


Proof: The theorem will be proved by the principle of mathematical induction. Let 
P(n) be the statement: 

(o -I- 5)" = 0(n, 0 ) 0 " + C(n, l)o"“^5 -I- ... -1- C(n, n — l)ah”~^ + C(n, n)b’'. 

First, we veri^ the truth of P(l) 

By taldng H = 1, the statement P(l) is 

(o -I- 6)* = 0(1, 0)a‘ -I- 0(1, 1)5* 

= a + b. 

TbiM P(l) is true. Next suppose that P(r) is true for some positive integer r. We shall 
prove tlut P{r + 1) is true. Now, 
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2a3 


= (a + 6) [C(r, 0)ar + C(r, + . . . -h C(r, r - + C(r, r)6''] . 

(because F(r) is assumed to be true). 

= C{r, 0)a’-+’ + C(r, l)o^6 + . . . + C(r, r - l)o’6’-^ + C(r, r)ai^ 

+C(r, 0)o'‘6 + C(r, l)o'-*6* + . , . + C(r, l)o6’‘ + C(r, 

(l^ actual multiplication) 

= C(r, 0 ) 0 ''+’ + [C(r, 1) + C(r, 0)] oTb + [C(»-, 2) + C(r, 1)] a’ “‘fc* + . . . + 
[C(r, r — 1) + C(r, r)] ab' + C(r, 

(by grouping the like terms) 

= C(r + 1 , 0)o'‘+‘ + C(r + 1, l)a’’6 + C(r + 1, 2)o’->6* + . . . + 

C(r + 1, r)a4^ + C{r + 1, r + 1)6'"''' 

[by using (i) C{r + 1,0) = C(r,0), both being equal to 1; 

(ii) C(r, k) + C(r, k — l) — C(r + l,k) 
and (iii) C(r + l^r 4- 1) = C(r,r), both being equal to 1] 

This proves that P(r + 1) is true if P(r) is true. Therefore, by the principle of 
induction, P{n) is true for all natural numbers n. This proves the binomial theorem. 

An abbreviated form of the theorem 

n 

(a + 6)" = ^C(n,r)o"-'-y. 

r—0 

Explanation: This sigma notation in the right side stands for 

C(n, 0)o"-°6° + C(n, l)o'*-‘6* + . . . + C(n, n)o'‘-"fc" 

Observing that b° = 1 and a”~” = 1, this is the same as tlife expansion given in the 
binomial theorem.' 

Explanation of binomial expansion: The expansion C(n, 0)a" + C(n, l)o"“'6 + . . . H- 
C(n,n — l)ah"~^ + C(n,n)P' obtained in the binomial theorem is called the binomial 
expansion of (a + b)”. Though we have proved it, it still remains to explain why the 
combinatorial coefficients C(n,r) appear in the expansion of (a + 6)". 

We know that (o + 6)" = (o + 6)(o + 6) . . . (o + 5) 



n times 

When we actually multiply these n factors, how do the terms look like? We see, 

(a + 6)(o 4" b) “ 0.0 4* o.b 4* b.o 4" b.b 
(d 4" b)(<x 4: b)(o 4* b) » (a.o + (t.b4'b.a4'b.b)((i4*b) 

" B a.a.a-^a.b.a + b.a.a + b.bM. 

4*o>tt>b 4* a,b.b 4* b,a.b 4* b.b.b 
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We observe that each term here corresponds to a selection of either a or b from each of 
the three factors of (a+b)(a+b)(a4-b). 

Choosing a from each one of them, we obtain the term a.a.a. Choosing a from the 
first, b from the second, and a from the third, we obtain the term a.b.a. Choosing b 
from the first, a from the second, and a from the third, we obtain the term b.a.a. and 
so on. There are 2^ ='8 such choices and that is why there are eight terms here (before 
regrouping). We can regroup and simplify the same as ' 

-|- 3a^b + 3ab^ + b^ 

This corresponds to the fact that there are 3 ways of choosing a from two of the three 
brackets and b from the other; there are 3 ways of choosing a from one of the three 
brackets and b from the remaining 2; etc. 

More generally, in the expansion of (a>f b)^, if we want to choose b from r brackets and 
a from the remaining (n — r) brackets, then there are C(n,r) ways to do so. Therefore, 

n 

(a + 6)" = ^C(n.r)o"-"6^ 

r-O 

Ls explained. 'I'hi.s can be considcre<l as an alternative proof of the binomial theorem. 

How lo ii.mt:mbr.r the binomial expansion: The following observations help us to 
reiruiinlMT tin? binomial expansion correctly: 

1 . The expan.sion of (a + 6)" has n+1 terms. In other words, the number of terms is 
one more thati the exponent. 

2. In the siicctsisive terms of the expansion, the index of a goes on decreasing by unity, 
.starting from n, then n - 1, ... and ending with zero; on the contrary, the index of 
b jioca on increasing by unity, starting from 0, then 1, . . . and ending with n. 

.3. In any term, the sum of indices of a and b is equal to n. 

4. The binomial cocflicients can be remembered by observing the following known as 
Pascal’s IViangle. 

Index of the binomial 
0 
1 
2 

3 

4 

5 


7%e binomiai coefficients 
1 

'sT* 

, WV ' ; 

y V V 


1 
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Here we note that each row is bounded by 1 on both sides. Any entry in a row is 
the sum of two entries in the preceding row, one on the immediate left and the other on 
the immediate right. 


Some particular cases of binomial expansion 

1. {x - y)" = C(n. 0)x^ - C(n, l)x^“^y + C(n, 2)x^-2y2 + (-irC7(n,n)y". 

This is obtained by taking a = x and 6 = — y in the expansion of (a + b)^. 
Note that the terms are alternately positive and negative. 

2. (1 + x)” = C(n, 0) + (^(n, l)x + C(n, 2)x^ + . . . 4- C(n, n)x" 

3. (1 — x)” = C(n, 0) — C(n, l)x -f C(n, 2)x^ — . . . -f (— l)"C(n, n)x” 


Some special terms in the binomial expansion 

1. In the expansion of (a -f 6)", the (r 4- 1)^^ term is C(n, r)o” 

•This is called the general term. 

2. In the expansion of ^x 4- , the (n 4- 1)^^ term is the middle term. It is 

C(2n,n)x”.^ = C'(2n,n). This is called the term independent of x, or the 
constant term. 


^ + IJ term if n is even. If 

n is odd, the two middle terms are and ^ ^ + 1^ 


Example IS.l 
Expand (1 — x + x®)^ 


Solution 

Let y = —X + X*. Now, 

(1 - X + xy = (1 + y)< = 1 + C(4, l)y + C(4, 2)y* + C(4, 3)y» + y* 

= 1 + 4y + 6y* + 4y® + y^ 

= 1 + 4(— X + X*) + 6(— X + X*)* + 4(— X + X*)* 4- (— x + x*)^ 

= 1 + 4x(x — 1) + 6x*(x — 1)* + 4x®(x — 1)* + x^(x — 1)^ 

= 1 + 4x(x — 1) + 6x*(x* — 2x + 1) + 4x®(x® - 3x’ + 3x -;• 1) 

+ x^(x^ — 4x® + 6x* — 4x + 1) 

= H-4x*-4x + 6x<-12x® + 6x* + 4x®-12x® + 12x^-4x® + x* 
— 4x^ + 6x® — 4x* + x* 

= 1 -4x + lOx* - 16x* + 19x® - 16x* + lOx® -4x^ + x* 
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Example IS. 2 

Show that the middle term in the eiipansion of (1 +x)®” is A: 0 2"x", where 
n is a poritive integeri 


Solution 

There are 2n + 1 terms in the expansion of (1 + The middle term is the (n + 1)***. ' 
It is C(2n, n)!*"-"®" = C(2n, n)®«. 


Now, C7(2n,n) = 


(2n)l 1.2.3...(2n-l).2n 

nini ninl 

[1.3.5. . . (2n - 1)1 [2.4.6. . . (2n)] 
ninl 

[1.3.5... (2n-- 1)1 2". [1.2.3. ..n] 
ninl 

[1 . 3.5... (2n- 1)12" 
nl 


Therefore, the middle term is as stated in the problem. . 


Example IS.S 


(i) Find the coefficient of in the binomial expansion of ^2x^ — where x ^ 0. 

(ii) Prove also that there is no term involving x**. 

Solution 


(i) The general term in this ecpansion is 


( 

In this tefm, the 
exactly when r a 


C(n,r)(2.=')'>-' 

exponent of x is 2(11 — r) — r = 22 — 3r. This will be equal to 10 
i 4. The coefficient in that term is 


C(ll,4)2“-^(-3)^ = M X y X 9 X 8 ^ 2» X 3^ = 2*.3*.5.11 
'' '' Ix2x3x4 

This is the required coefficient of x^°. 

(U) The general term is of the form The index 22 — 3r never takes the value 

6, for any- integer-value of r. llierefore, there is no term involving r^. 
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Example IS. 4 

If the coefficients of a''~\ o'*, in the binomial expansion of (1 + 0 )" are in arithmetic 
progression, prove that n* — n(4r + 1) + 4r* — 2 = 0. 

Solution 

The general term is C{n,r)a’'. The {^ven assumption means that C(n,r — 1), C(n,r) 
and C(n, r + 1), are in arithmetic progression. This means 

C(n,r- 1) + C(n,r + 1) = 2C(n,r) 
n! nl _ 2 X nl 

(r — l)l(n — r + 1)! (r + l)l(n — r — 1)1 r!(n — r)! 

1 r 1 1 ] 2 

(r — l)!(n — r — 1)! [(n — r)(n — r + 1) r(r + 1)J (r — l)l(n — r — l)Ir(n — r) 

(n — r)(n — r + 1) r(r + 1) r(n — r) 

r(r + 1) + (n - r)(n - r + 1) 2 

(n - r)(n - r + l)r(r + 1) r(n - r) 

r(r + 1) + (n - r)(n - r + 1) = 2(r + l)(n — r + 1) 
r* + r + — 2nr + r*4-n — r = 2 [nr — r* + n + l] 

= 2nr - 2r* + 2n + 2 
n* — 4nr — n + 4r* — 2=0- 
n* — n(4r + 1) + 4r* — 2 = •). 

Example 13.5 

Find the value of r if the coefficients of (2r + 4)*** and (r — 2)*** terms in the expansion 
of (1 + x)^* are equal. 

Solution 
We know that 

(1+ x)’« = 1 + C(18, l)x + C(18, 2)x’ + . . . + X** 

Here, (2r + 4)‘’’ term is C(18, 2r + 3)x*'-^ and (r - 2)“* term is C(18, r - 3)x^-* 

Therefore, dther 2r + 3 = r — 3 or 2r + 3 + r — 3 = 18 

The former is not possible since r has to be positive. The latter gives r = C. 


EXERCISE 13.1 


1. Expand (1 4-x 
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2. Find the term independent of x in the expansion of 

3. Find the value of (>/2 + 1)* + (v^ — 1)*. 

4. Write the general term in the expansion of (x^ — y)^. 

5. Expand (® + 

6. What is the coefficient of x* in (x + 3)®? 

7. In the binomial expansion of (1 + 0 )™+", prove that the coefficients of o’" and a" are 
equal. 

8. Find the middle terms in the expansion of 

9. Prove that the coefficient of x" in (1 +x.)*" is twice the coefficient of x" in (1 +x)*“' 

10. In the binomial expansion of (a + 6)", the coefficients of the fourth and thirteenth 
terms are equal to each other. Find n. 

11. The coefficients of three consecutive terms in the expansion of (1 + a)" are in the 
ratio 1:7:42; Find n. 

12. The coefficients of (r — 1)‘**, r*** and (r + 1)‘** terms in the expansion of (x + 1)" are 
in the ratio 1:3:5. Find both n and r. 

13. In the binomial expansion of (1 + x)", the coefficients of the Mth, sixth and seventh 
terms are in arithmetic progression. Find all values of n for which this can happen. 

14. Show that the coefficient of the middle term of (1 + x)^" is equal to the sum of the 
coefficients of the two middle terms of (1 + x)^"~^ 

13.2 ^me Applications of Binomial Theorem 

In this section we study some applications of the theorem that we proved in section 
13.1 . The simplest of them is the straightforward application of the formula to compute 
some powers pe in Example 13.6. A less trivial application is to prove some divisibility 
properties, asjin Example 13.7. An important application is to prove some combinatorial 
identities, as Ahown in Examples 13.8, 13.9 and 13.11 below. In the next section, a more 
general form of binomial theorem will be applied to find the appropriate values of certain 
expressions. 

Example IS.i 

Using the binoinial theorem, compute (99)®. 

Solution 

In the binomial expansion of (a + &)", take a s 100, 6 = — 1 and n = 5. We have: 

(100 - 1)® = 100® - C(5, 1)100®.! + C(5, 2)100®.l® - C(5, 3)100*.l® + C(5, 4)100.1® 
-C(5,5)l® 
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= 100® - 5 X 100< 4- 10 X 100® - 10 X 100* + 5 X 100 - 1 
» 10010000500 - 500100001 
= 9509900499 
Thus (99)® = 9509900499 

Example 1S.7 

If a and 6 are distinct integers, prove that a" — b” is divisible a — b, whenever n is a 
positive integer. 

Solution 

Because a = a — b + b, we have 

o" = (a — b + b)" = (o — b)" + C(n, l)(o — b)"~*b + . . . + C(n, n)b*. The last term here is 
b". Bringing it to the left side, 

a“ — b“ = (o — b)" + C(n, l)(a — b)"~^b + . . . + G(n, n — l)(o — b)b^"’ . 

In the right side, every term has a — b as a factor. It follows that a — b is a factor of 
a"-b". 

Example IS.i ^ > ‘ 

Prove that the following hold fi^i^ry natural number n: 

(i) C(fi, 0) + C(n, 1) + . . . + C/(n, n) = 2" 

(ii) C(n, 0) + 2C(n, 1) + . . . + 2"C(n, n) = 3" 

Solution 

In the binomial expansion 

(o + b)" = C(n, 0)a" + C(n, l)o""^b + . . . + C(n, n)b" 

First taking a = 1 = b, we obtain 
(1 + 1)" = C(n, 0) + C(n, 1) + . . . + C(n, n). 

This proves (i). 

Next taking 0 = 1 and b = 2, we obtain 

(1 + 2)" = C(n, 0) + C(n, 1).2 + C(n, 2)2* + ... + C(n, n)2". 

This proves (ii). 
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Remark 

The identity (i) has already been mentioned in §12.9. Presently, we have given an alter- 
nate proof. The identity (ii) has not been seen in. the earlier chapters. 

Example 1S.9 

Using the binomial theorem, prove the following identities: 

(i) C(n, p) -I- C(n, 2) + C(n, 4) -I- ... = 2»-* 

(ii) C(n, C(". 3) -I- C(n, 5) -I- . . . = 2»-> 

(iii) C(n, 0) + 3C(n, 1) + 5C(n, 2) -I- . . . -i- (2n -I- l)C(n, n) = (n -I- 1)2" 

Explanation: (i) and (ii) means that the sum of the even binomial coefficients = the sum 
of the odd binomial coefficients = 2"~‘ and hotce it follows that the sum of all binomial 
coefficients in the expansion of (a + 6)" is 2". 

Solution 

In the binomial expansion of (a + b)", taking a =1 and b = —1, we have 
(1 - 1)" = C(n, 0) - C(n, 1) + C(n, 2) - C(n, 3) + . . . 

Here the left side is zero. Therefore, we can rewrite this in the form 
C(n, 0) + C(n, 2) + C(n, 4) + . . . = C(n, 1) + C(n, 3) -I- C(n, 5) -I- . . . 

Let each of them be equal to x. Adding them 

C(n,0) + C(n, 1) + C(n,2) -I- ... -I- C7(Ti,n) = x + 1 = 2x 

We have already proved that the left side (the sum of all the binomial coefficients) is 
equal to 2" (See Example 13.8). Thus 2" = 2x. Dividing both sides by 2, we get x = 2"~^ 
This proves (i) and (ii) simultaneously. 

Let C(n, 0) + 3C(n, 1) 5C(n, 2) + . . . + (2n + l)C(n, n) = x (13.1) 

Using the formula, C(n,r) = C(n,n — r), the same can be written as 
C{n,n) -I- 3C(n, n - 1) + 5C(n, n - 2) + ... -I- (2n -i- l)C(n, 0) = x 
We write the tWms in the reverse order, and obtain 

(2n + l)C(n, 0) + (2n — l)C(n, 1) -I- ... -I- 5C(n,n — 2) + 3C(n, n - 1) -t- C(n,n) = x (13.2) 
We add (13.1) and (13.2) and obtain 

(2n -H 2 )C(tj, 0) + (2n + 2)C(n, 1) -1- ... -I- (2n -1- 2)C(n,n) = 2x. 

That is, 

(2n + 2) [C<(?i,0) C(n, 1) + . . . -f- C7 (ti,7i)J =s 2x 

Hut we already know that the sum of the binomial coefficients is 2". Thus 
:>»»-!- 2)r2" = 2x 
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Dividing both sides hy 2, (n + 1)2’* — x 
This proves, because of (13.1), that 

C(n, 0) + 3C(n, 1) + 5C(n, 2) + . . . + (2n + l)C(n, n) = (n + 1)2" 

Example 13.10 

Find the coefficient of in the expansion of the product (1 + 2x)^(l — x)^. 

Solution 
We know 

(1 + 2x)* = 1 + C(6, l)(2x) + C(6, 2)(2x)* + C(6, 3)(2x)® + C(6, 4)(2x)^ 

+C(6, 5)(2x)® +b(6, 6)(2x)* 

= 1 + 6(2x) + 15(4x*) + 20(8x®) + 15(16x^) + 6(32x®) + 64x® 

= 1 + 12x + 60x* + 160x® + 240x^ + 192x® + 64x* 

Also, (1 — xy 

= 1 - <7(7, l)x + <7(7, 2)x* - C(7, 3)x® + C(7, 4)i^ - <7(7, 5)x® 

+C(7,6)x®-<7(7,7)x’' 

= 1 - 7x + 21x* - 35x® + 3^* - 21x® + 7x* - x^. 

We want to find the coefficient of x® in the product 

(1 + 12x+60x*+ 160x® +240xV 192x®+64x*)(l - 7x+21x*-35x® +35x^ -21x®+7x® -x^) 

We need not carry out the full multiplication and write down the 56 terms. It is enough 
to observe which terms in the product involve They imse as 

l.(-21x®) + (12x)(35x^) + (60x*)(-35x®) + (160x®)(21x*) + (240x*)(-7x) + (192x*).l 

Explanation: When a term involving x' is multiplied by a term involving x®~’', we get 
a term involving x®. Here r varies through 0,1,2, 3,4,5. 

The coefficient of x® in the product is 

(-21) + (12)(35) + (60)(-35) + (160)(21) + (240)(-7) + 192 = 171. 


Example 13.11 

If Cr denotes the binomial coefficient C(n, r), prove that 


Cq + <7j + . . . + C7* *5 


(2n)( 

(n!)» 
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Solution 
We know that 

(1 + = Cq + Cj® + + . . . + Cfi®** 

and 

(® + 1)" = Q)®" + Cl®"”* + C2®"“* + . . . + c„ 

Multiplying these, * 

(1 + ®)"(® + 1)" = (Co + Cl® + C 2 ®* + . . . + C„®")(Co®" + Cl®""* + C 2 ®"“® 

+ • • • + Cti) 

If in the right side, the multiplication is actually carried out, the coefficient of ®" is 

C? + C? + ... + C* 

This should be equal to the coefficient of x" in the left side. But the left side can be 
rewritten as (1 + ®)*". Here the coefficient of ®" is C(2n,n) = 
required identity. 

Example IS . 12 

Using Binomial Theorem, expand (a + 6)® — (a — fc)®. Hence find the value of 

-(n/2+1)®-(v/2-1)® 

Solution 

(a + 6)® -(a -6)® = C(6,0)o® + C(6,l)a®6 + C(6,2)o®6* 

+C(6, 3)o®6® + C(6, 4)0*6® + C(6, 5)o6® + C(6, 6)6® 

-C(6, 0)0® + C(6, l)a®6 - C(6, 2)o®6* 

+C(6, 3)o®6* - C(6, 4)0*6® + C(6, 5)o6* - C(6, 6)6® 

= 2 [C(6, l)o®6 + C(6, 3)0*6* + C(6, 5)o6®] (Since other terms cancel) 
= 2[6o®6 + 20o*6* + 6o6®] 

= 4o6 [3o® + 10o*6* + 36®] 

Taking y /2 and 6 = 1, we have 

(>/2 + 1)* -(y/2- 1)® = 4v^ [3(V^)® + 10 (n/ 2)* + s] 

= 4V^ (12 + 20 + 3) = 140>/2. 
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£XERCI$E 13.2 


1. Evaluate (999)*^ using the binomial theorem. 

2. Find the value of (102)^ by means of the binomial theorem. 

3. Evaluate (>/3 + l)s - (v/3- 1)*. 

4. Find (99)^, using the binomial theorem. 

5. Write down the binomial expansion of (1 + when x = 8. Deduce that 9^'*’^ — 
8n — 9 is divisible by 64, whenever n is a positive integer. 

6. Using binomial theorem, prove that 6" — 5n always leaves the remainder 1 when 
divided by 25. 

7. Prove that 2]^^ 3'’C(n, r) = 4". 

Prove the following identities 8 to 13 using binomial theorem or otherwise. Here Cr 
denotes (^(nir). 

8. Co ■+■ C2 "ih C4 = 2** ^ ' 

Co 01 C/n-1 I 

10 . (Co + Ci)(Ci + C 2 ) . . , (C „_1 + C„) = 

11 . Co + 2Ci + 3 C 2 + . . . + (n + 1)C„ = 2" + n.2"~* 

12. CbCi + CiCj + . . . + C„-iC„ = » 

13. Cl 4* 2 C 2 4“ 3 C 3 4" • . • + TiCfi = 71.2” ^ 


14. Find the coefficient of in the expansion of {x + 1)^(1 4'x)”. Deduce that 


CqC^ 4- CiCr+i + . . . + = 


j2M 


(n — r)l(n + r)r 

15. Find the coefficient of x* in the expansion of (1 + x)"(l — x)". Deduce that 
C2 = C0C4 — C1C3 + C2C2 — C3C1 + C4C0. 


13.3 Binomial Theorem for any Index 

In this section we state a more general binomial theorem, in which the index is not nec- 
essarily a whole number. We also give an s^lication of this theorem to find approximaAe 
values of certain quantities. 

We know the formula 


(1 -f- x)" = 0) + C(ti, 1)x -p . . . + C(?i, ii)x’* 
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Here n may be ai^ non-negative integer. We aak: Does the same formula hold, when n 
is a fraction or a negative number? Immediately, we note that the coeffidents C(n,r) 
do not make sense, when n is not a whole number. This difficulty may be overcome, by 
writing, 

n(n — 1) . . . (n — r -f 1) 

1.2.... r 


in place of C(n, r). This of course makes sense even when n is not a whole npmber. 

We now state, without proof, the more genoral theorem, in which the index is not a 
whole number. 

I 

Theorem IS.l 
The formula 


(1 + *)’" = 1-1- m.x + 


Tn(m — 1) 2 . m{m — l)(m — 2) 


1.2 


-x* + 


1.2.3 




holds Whenever |x| < 1 . 


Remark 

1. Note carefully the condition that |x| should be less than 1. This extra condition is 
unnecessary, if n is a whole number. Let us see how this formula fuls to hold when 
X = 1 and m = — 1 (because |x| is not less than 1). Left side is (1 -f 1)~^ — 2* 

Right side is 1 -I- (— l).l -i- ^ -f... = l — 1 + 1 — 1-1- — In the series 

1 — 1 + 1 — 1 + .,. by taking first one, twoj three, . . . terms and adding we get 
alternately 1 , 0 , 1 , 0 , . . ., so that these sums can never be near 


2. Note that there are infinite number of terms in the expansion of (1 + x)”*, when m 
is a negative integer or a fraction. 


CSonsider 


I 


(a + b)" = |o(l + = o" ^1 + ^ 

= o’" + m.a’"-'6 + + . . . 


This expansion is valid when 5 < 1 or equivalently when |6| < )a|. Thus we have 
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Theorem IS. 2 
The formula 

(a + tr = o" + + . . . 

X 

holds whenever |6| < |a| 

Remark 

These two theorems are known by the name 'binomial theorem for general index’. This 
expansion is also known as binomial series. 

The term ~ ] j.* ~ ^ is called the general term in the binomial 

expansion of (1 + a)™. 

Similarly the general term in the expansion of (a + b)”' is 

m(m - 1) . . . (m - r + 1) 


Some inportant particudar cases of the binomial series 

1. Taking m = — 1 in the 'expansion of (1 + x)’", we have: 

l + i ' ' 1.2 1.2.3 

2. Taking x = — a in the abov 9 formula, we have 


= 1 — x + x^ — x® + . 


1 


1—0 


= 1 + 0 + 0 ^ + 0 ^ + ... 


3. Taking m = — 2 in the expansion of (1 + x)*”, we have 

= l+(-2>+ . . = l-2»H-3*»-te>+. 

4. Ihking x = — o in the formula 3, we have 

= 1 + 2o + 3o* + 4o* + . . . 


( 1 - 0)2 

In all these formulae, we assume jx| < 1 . It is good to remember these formulae. 
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Let |x| < 1. Then 

— I — = l-x + x’-x* + ... 

1 +x 

— = l+x + x* + x® + ... 

1 -X 

= 1 - 2x + 3i;* - 4x® + . . . 

(1 + xy 

^ = 1 + 2x + 3x^ + 4x^ + . . .. 

(1 - x)2 

Differences between the binomial theorems for positive integer -exponent 
and for , general exponent 


1. Finite versus infinite 

In the expansion of (1 + x)*" there are infinitely many terms, when m is a general 
exponent. When m is a positive integer, there are only m + 1 terms. 


2. All X versus some x 

When m is a general exponent, the expansion of (1 + x)*" is valid under the extra 
assumption |x| < 1. When m is a positive integer, the expumsion is valid for all 
values of X. 


3. Exact versus approximate 

The actual calculation of (1 + x)*" through the binomial expansion can be done 
only up to a finite number of terms. The value calculated upto these finite number 
of terms will only be an approximate value of (1 + x)^, and not its exact value, 
when m is general. But when m is a positive integer, the exact value of (1 + x)’*' 
is obtained by the (m + 1) terms of the binomial expansion. 
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4. Hit rtoiation C(n,r) 

III ih(^ expansion of (I 4* x)’*, the coeflicients should not involve the notations 
( \7i, 0), C{n, 1) etc. unless n is a whole number. They have to be explicitly written 

ill the form 2. ^ ' ' 

h'xphniation: If the binomial expansion for (1 + x)’" is to be valid, there has to be a 
restriction either on x or on m. When we restrict m to be a whole number, it is true for 
all values of x. When — 1 ^ x < 1 , it is true for all values of m. 


Note 


A word of caution is necessary when we use some values of m such as m = According 
to the theorem 


(1 4- x)5 = 1 4- ”X + 
<6 


(lli-i) *= + 

21 * ^ 31 * 


+ . 


i.c. 


(l + a:)^ 


1 +-X - 



Now the L.II.S. being a square root of (1 4-x) has apparently two values (a positive value 
and a negative value). Which of these is represented by the R.H.S.? It can be shown that 
the R.H.S. represents only one value viz. the “positive” square root of (1 4- x), which is 
positive for |x| < 1. 


Example 13,13 

Prove that the coefficient of y" in the expansion of 


p+i>)! 


is 4n, for each n = 


1,2,3,. 


Solution 


(1 + y)* = 1 + 2y + y* 

= (l-|-r’ = l + 2i- + 3s’ + -.. 

In the product (1 + 2y 4- y*)(l + 2y + 3y* -f 4y® + . . .)> the terms involving y" are 
l.(n + l)y’* + (2y)(ny"~‘) + (y*) {(n - l^ly""*}, if n > 2. The coefficient of y" is 

l.(n + 1) 4- 2.n + l.(n — 1) = 4n 
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We directly verify that the coefficient of y is 4. Therefore, the result is true for n = 1 
also. 

Example 13.14 

Solution 


1 


= (6 - Zx)"^ 


Its binomial expansion is valid when |3x| < 6, that is, when |a;| <2. The series is 


= 6^ 4- 6^x + 2*6Tx^ -f- . » . 






Alternative Solution 
(6-3x)if = [6(l-|))^ 

= »" (*-!)" 



Example 13.15 , 

Comment (m the binomialwries for (1 + x)*" when x = — 2 and m = — 1'. 


Solution 

When Xjf= —2, andm = — 1, (1 + x)"* = (1 — 2)“* = ^ = 
The safes 4bu|d be ' , * 


I4.(_l)(_2) + Ll^(_ 


1-2 


(- 2 ) 


.7 I (•“0(—2)(~3) i „.3 

r?3 


l+2 + 2* + 2* + ...' 


1 
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It is clearly aeen that this aeries does not have the required sum —1. 

Thus the binomial aeries e]q>ansion is found to be'invalid in this «»vitnipl#». This does 
not contradict the Innomial theorem, because the condition |x| < 1 foilA here. 

Example IS. 16 


(a) Write the first four terms in the expansion of ^ , i 

(4-5x*)* 

(b) For what values of x is this expansion valid? 

(c) What is the general term? 

Solution 


'•> (Till-"-"!'* 


■i I' •(-»(=?}* 

1 r, 5x* 3 25 4 5 125 6 1 

“ 2 f 8 8'16‘® 16' 64 ® ■*'" J 


The first four terms are 


1 5 
T7.T7*' 


75 


2’ 16" ’256* -2048" 

(b) The expansion is valid when j5x^| < 4. This happens when x lies between and 

(c) The general term is 


625 
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Example IS. 17 

Find the cube root of 127 upto four places of decimals. 


Solution 

(127)* = (125 + 2)* = |l25(l + ^)] 


= 5 


= 5 


= 5 


1 + 




1.2.3 


(is) * 


1 + 




16 


4 ^ 80 256 

‘‘'3000 9 10* 81109 ' 


= 5 [1 + 0.0053 - 0.0000284 + 0.000000253 - . . .] 

= 5 [1 .005300253 - 0.0000284] 

= 5 X 1.005271853 

= 5.0264 upto four places of decimals. 

This expansion is valid because ^ 

We have omitted the other terms because higher powers of 
first four decimal places. 


do not contribute to the 


Example 1S.18 

If a; is veiy siyall in magnitude when coMpared with a, show that 


Solution 
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|a| and therefore |i| < 1. 

n invnlvinir 


Our assumption implies that |x| < 
expansion is valid. Also, the terms involving (§)^, (§)^ 
will be negligibly small. 

Therefore, 

(l + §) ^ + (l — ^ is approximately equal to 


Hence, the binomial series 
can be ignored since they 


1 + 




X 3x* 

“20''' 8 ^ 


r X 3i® 


3®* 


EXERCISE 13.3 


1. Write down the binoihial series for 

1 


■L— where ® < § . 


wnere x ^ -r. 
v5 + 4x ^ 

2. Expand ^ to four terms. For what values of x is the expansion valid? 

3. Find the coefficient of x^ in the expansion of (1 — 2x)^. 

4. Prove that the coefficient of x' in the expansion of (1 - 4aJ)^ is 

5. Assuming x to be so small that x^ and higher powers of x can be neglected, show 


that 


l + jx 

4 


1-4 


[16 - 3xJ* 


(8 + x)il 


one 

is approximately equal to 1 — 


6. Prove that = 5.01330 to five decimal places, 

7. If ~ is approximately equal to o + 5x for Sll small values of x, 

v4 — X 
find a and b. 

8. If p is nearly equal to q and n > 1, show that ^ 1 jp + |n + 1 jq “ (f )* * Hence, 
find the approximate value of 

9. Find (0.98)~^ upto two decimal places. 
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10. If all the coefficients of (a + 6x)~^ are positive, prove that a and b are of the opposite 
sign. 

11. If the binomial expansion of (a + bx)~^ is ^ — 3x + . . ., find the values of a and b. 

12. Find the two values of the rational exponent ‘m such that in the binomial expansion 
of (1 — x)”*, the.coefficient of x^ is 3. 


MISCELLANEOUS EXERCISE ON CHAPTER 13 

1. Find the coefficient of x" in the product expansion of (x + 1)”(1 4* x)“^. Use this to 
prove 

Co — 2Cj + 3 C 2 + . . . + (— l)”(n + l)C'n = 0 
where C,. means C(n,r). 

2. If three consecutive coefficients in the expansion of (1 + x)” are in the ratio 6:33:110, 
determine n. 

3. If X = 0.001, prove that 


(1 - 2a;)^(4 + 5g)l _ 
>/l — X 


8.01 upto two decimal places. 


4. In the binomial expansion of (1 -f x)”*, the third term is Find the rational 

exponent m and hence write the fourth term. 

5. If X is numerically so small that x^ and higher powers of x may be neglected, then 
prove that 

(1 — 2x)i(4 4- 5x)? _ ^ 25x 

I 7T^ 

i 

6. Write first three terms in the expansion of • 

7. Find the coefficient of x^ in the expansion of ^ j 

8. Show that when x is numerically small, v^x* + 4 — >/x*4- 1 = 1 — 



CHAPTER 14 


Exponential and Logarithmic Series 


In this chapter, we are going to introduce two important series called exponential series 
and logarithmic series. You may recall that you have already studied in earlier chapters, 
two other important kinds of series, namely geometric series and binomial scries. The 
following from earlier chapters will be made use of: 

Geometric series 

Formula for the sum of infinite geometric series 
Factorial of a non-negative integer 
Binomial series expansion for (1 -t- 
The inequality 2"'^ < n( for all positive integers 
The complex numbers, their real and imaginary parts 
The formula e*® = cos 0 + i sin 0 / 

The combinatorial coefficients C(n,r), etc. 

The results of this chapter will be useful for summation of some infinite series, and 
for the introduction and study of some important functions in higher classes. 


14.1 Elxponenitial Series 

Consider the series of numbers 


.111 
1 + — + — + — + • 
1! 2! 3! 


(0 


Tlie sum of the series given in {() is denoted by the number e. 

Let us estimate the value of number a 

Since every term of the series («) is positive, it is clear that its sum is also positive. 
Consider ffie two sums 


Oberseve that, 


111 1 
1 + — + — + — +•••+— 


3! 4! 5! 


n! 


,111 1 


+ ••• 


+ ••• 


(«} 


1 1 


1 1 
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4! 24 2^ 8 


1 

■ '4! ^2^ 

1-JL A±^l 

5! 120 2 * 16 

11 
5! 7 * 


Therefore, by analogy, we can say that 

1 1 
n! ^ 2*“' 

We can see that each term in (tt) excluding dre first term is less dian its corresponding term 

“ fl 1 1 1 W 1 1 1 1 

■'li w 

1 n 

Adding I ^ on both sides of {to) we get, 

. 1 I 2 2* 2V 2* .• 2'7' JJ 

=l+-^-=l + 2 

‘-5 


Left hand side of (v) represents die series (t) 

2 M 

Next, we ronsider the more general series ^ + + + '^bis is called the 

exponential series. When we put x = 1 here, we obtain the series for e. 

Notation: We denote the sum of this series by e*. We shall prove the following results 
in the higher classes. 
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1 . If X is a rational number, then t? denotes both the sum of series i+#+*r+.., 
and the number obtained by raising the number e to the power x. But there is no 
confusion, because both these are the same. Even for irrational x, the same remark 
holds, but you have not studied raising a number to an irrational power. 

2. Even for complex number x, one can prove that the series 1 + 'H ^ 

sum and we donote it by e'. 


.3. e''*'* = e‘.eV holds for all x, y. [This law of indices, you already know when x and 
y are rational.] 


4. When 0 is a real number, iO is a comply number. 

Then e'^ = cos^ + isind holds. Thus coaff is the real part of e'*. If we collect those 
terms in the series for not involving t, we obtain 

cos fi = 1 - If + U - • • • 

Similarly, looking at the imagin^y part. 


sin0 — — 


£3 £5 

3! 5! 


You may write down the series for e'^, simplify the terms using t’ = — 1, and obtain 
the above series of cos d and sin d. 


5. The number e is an irrational number. 

We do not prove the above results here. But sometimes we make use of some of them in 
the problems below. 


Some Particular Cases 
The exponential series is 




1. When X = 0, this becomes 


c° = 1 + 0 + 0 + ... = 1 


This is in conformity with the known fact that any non-zero number, when riused 
to the power zero, is 1. 

2. When x = 1, this becomes 




Since e^ is same as e, this coincides with our meaning of the number e. 
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3. When x = 2, this becomes 


0 , 22 * 


This means that the sum of the series on the right side is the same as the square 
of the number e, as already remarked. 


4. When x = — 1, this becomes 




The sum of this series is the reciprocal of e, 

5. For any number x, 

- X x^ x^ 

e =1- + gj- + ... 

This is obtained by substituting — x for x in the exponential series. Note that the 
terms have alternately positive and negative signs in this series. 

6. Adding the two series term by term, we get, . 

since, c* = i + ^ + fr+3r+4r-*-““^®"* = ^*'§ + fr"lr"*‘4r'*'-’ 

therefore 


c* -4- c‘ 




= 2 + 0 + 2.|!+0 + 2 .^... 


= 2 


X* X* 


\f. Similarly, one obtains a series expansion for e* 
Example I 4 .I 


(i) Define the number e 
..(ii) Prove that its value lies between 2 and 3 
(iu) Show that 2.7 < e < 3 
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Solution 

(i) and (ii) have been done in the text above. 

(iii) The first five terms in the series for e add up to 1 + =1+1+-+— +— > 2.7. 

^ 1! 2! 3! 4! 2 6 24 

Since ^ < 3 is already known, we have 2.7 < ^ < 3. 

Example H.2 

Prove that the coefficient of in the series of is 


Solution 

We have the exponential series 



Substituting 2x wherever x occurs, 


2x 

e 


2x 


i2xf {2xf 
2! 3! 


+ ... 


Here, the coefficient of x'® is to be taken from the term . The required coefficient 

is 

2^® _ 2x2x2 X' 2 x2x2x2x2x2x2 
10! ”” 1x2x3x4x5x6x7x8x9x10 
2x2x2x2 
3x5x6x7x9x10 

2x2 4 

”■ 3x5x3x7x9x5~ 14175 


Example 14-3 
Sum the series 53^2 


Solution 

Note that the summation is from n = 2 onwards. Here, n does not take the value 1 
because C(l, 2) is not defined by us. Here, the general term is 

C(n, 2)3"-^ _ n(n - 1) 3""^ 
n! 1.2 nl 

3n-2 

“ “7 M [Since the factors n and n — 1 cancel out] (14.1) 

2.(n — 2)1 


Therefore the series is 


1 

2 




Its sum is ^e®‘. 
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Example 14-4 

Find the coefficient of in the expansion of as a series in powers of x. 
Solution 


2x -h 3 (2x -f 3)2 

1 ! 2 ! 


This is a series in powers of (2x -f 3), and not of x. Here, the general term is 
This can be expanded by the Binomial Theorem as 


(2x 4- 3)" 
n! 




[3^ -h C(n, 1)3" ’ (2x) 4- C(n, 2)r-\2xf 4- . . . -f (2x)"] 


Here, the coefficient of x^ is 
series is 

^C(n, 2)3"'222 
^ n! 

n-2 

Proceeding as in Example 14.3, we find that this sum is 2e^. Thus 2e^ is the coefficient 
of x2 in the expansion of 

Second Method: We may use the already stated result. 


2 ) 3 "^^ 2 ^ 




Therefore, the coefficient of x^ in the whole 


c*.eS' = 


Now, e2*‘*'2 = 1 4- ^ 

0 2 ^ *1 
Here, the coefficient of x^ is = 2e^ 

kxamp/e 14-5 



Sum the series 

o o2 q3 o4 

(Note that this is different from the exponential series l + ^ + + ^ + ^ + 

3 

Here the general term Is 

Cancelling the common factor n both in the numerator and the denominator, this can 

_2 

be simplified as j jti . Now the numerator n* can be written as 


= (n — l)(n — 2) 4- 3(n — 1) + 1 
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Explanation: The form ylo4->li(Ti— l)-hA 2 (n — l)(n — 2)4*. . . is helpful, as seen below. 
Here Aq = l,>li = 3, /I 2 = 1,>43 = 0, etc. Thus the general term is 

(n-l)(n-2) 3(n-l) 1 

(n - 1)! “ (n - 1)1 (n - 1)1 (n - 1)! 

1 3 1 

“ (n - 3)! (n - 2)! (n - 1)! 


[A warning here: This makes sense only when n is at least 3. Otherwise, we come across 
the factorials of negative numbers.] 

T’hcrefore, we write the given series as 

, 2^ /I 3 1 \ /I 3 1 \ 

Regrouping the terms, we write this as 

The three series in the last three brackets can be summed up easily using the definition 
of e. The first of them is exactly c. The second is 


which is 


and its sum is 3(— 1 -f c). 
The last is a 


-i + (i + ^ + ^fi + ...)] 




and its sum is c — (1 4- 1) = e — 2. 
Thus the required answer is 


2 ^ 

l + ^-l-e4-3(e-l) + c-2 
= 14-44-64^ 3c - 34-e-2 


= 5e 


Example 14-6 

Find the value of e^, rounded off to one decimal place. 
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Solution 
We know 

2 , 2 2^ 2^ 2^ 2^ 2® 

, « „ 4 2 4 4 

= 1^2 + 24-- + - + - + - + ... 

> the sum of the first seven terms 

> 7.355 


On the other hand 



Here, we have taken the first five terms of the series for e^, and have compared the 
remaining terms with a suitable geometric series. 

Thus we hfivc proved that lies between 7.355 and 7.4. Therefore, the vlaue of c^, 
rounded off to one decimal place is 7.4. 


Remark 

If we take 6 or more terms for exact calculation and compare the remaining with a 
suitable geometric series, we get a better approximation for the value of e^. 


EXERCISE 14.1 


I . 

1. Find the value of e rounded off to one decimal place. 

2. Find the coefficient of in the expansion of in powers of x. 

3. Find the sum 

4. Find the sum of 

00 2 
^ n 

5. Prove that ^ ^ ~ ^ ^ ^ * 
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6. Sum the series from n = 1 to oo, whose nth term is 

(">^;r+2y! 

(iii) 

(iv) 

7. Sum the following series: 

(i) 1 -f ^ ^ 4- ^ -f . . . 

(ii) 1 + + U: 2 3 :ir _ 4 ^ 

8. Sum the series: 



( 

9. Write the series for 



(ii) -h e 


10. Sum the series: 



14.2 Logarithmic Series 

You have studied in earlier classes that log^a: is that number y such that a*' = x. Here 
a is known as the base of the logarithm. In this section we will take the number e as 
the base of the logarithm, whenever the base is not explicitly mentioned. Presently, we 
obtain an expansion for log(l 4-x) as a series of powers of x. This expansion will be valid 
only when |®| < 1. 
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Theorem 1^,1 

log(l + x) = x — — ••• holds if |x| < 1 

JL tj 

[This is called the logarithmic scries] 

Proof : Consider the expansion of (1 4-x)^ in different ways. First, we have the binomial 
series expansion: 

(1 + xy = 1-1- y.x -I- + . . . [Here we use |x| < 1] 

X .A 

Secondly, (1 -f can be written as [This is because every number k may be 

written as This is how log A is defined.] 

'Fhis is the same as [Note that 1 -f x > 0 and so log(l -f- x) is defined.] 

[Here we use the result log(a^) = blog a] 

Now, this is the sum of the exponential scries 

, , ylog(l + x) . {yiog(H-x)]* , 

1+ 0““"^ 2r 

'Thus we have two different series expansions for the same quantity (1 4-x)*'. In the latter 
.series, the coefficient of y is log(l -f- x). In the former scries the coefficient of y is 


X — 



.2 

.2.3 


1.2.3 

1.23.4^ 


4-... 


Explanation: In the term yx, the coefficient of y is x. In the term ^^^,2 

coefficient of y is term — — ^x^, the coefficient of y is 

and so on. Thus, equating the coefficients oi y in the two expansions, 

iog(l -h x) = X — ^ -4 — ... 


Note: In the above proof we have written (1 +x)>' as a series in powers of x and then we 
have collected coefficients of powers of y from the various terms. This step is not valid 
in general. But in this case, it can be shown that the step is valid. 


Corollaries: 

2 3 

(i) log(l — x) = — X — ^ ^ . .1f |x| < 1. (This is obtained from the theorem by 

substituting — x wherever x occurs.) 

Since all terms carry negative signs here, it is easier to remember it in the form 
- log(l - i) = a: + ^ ^ . if |x| < 1 
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(ii) Adding this series for — log(l — i) with the scries for log(l + 1 ), we obtain 
log(l + x) - log(l -i)= + + _ + 

r 1 

= ^ a:+ Y + ... , if |x| < 1 

The left side can also be written as 

log T-— =2 x+^ + ... if |x| < 1. 

1 — X 3 J 

Remark 

The series expansion for log(l -f x) may fail to be valid if |x| is not less than 1. The series 

x^ x^ 

log(l 4-x)=X-y + Y- ... 

o2 q3 

(i) When x = 2, the series becomes 2—^4-^ — ... 

Every term here is numerically greater than 1. We shall study in higher classes 
that such a series cannot have a sum. 

(ii) When x = — 1, the series does not have a sum. This is in conformity with the fact 
that log(l — 1) is not a finite quantity. 

(iii) When x = 1, the scries for log(l + x) becomes log2=l — jH-j — 

It can be proved that this is valid. We shall assume this validity and use it in the 
problems below. 

Remark 

Three major differences between the exponential series and the logarithmic series are: 

2 

1. In the series e* = 1 -f ^ 4- ^ -f . . all terms carry positive signs. In the series 

2 3 

log(l 4-x) = x— ^4-^ — the terms carry alternately positive and negative 

signs. 

2. In the logarithmic series, the factorial symbol does? not occur. But in the exponen- 
tial series, the denominators of the terms involve the factorials. 

3. The exponential series is valid for all the values of x. I'he logarithmic series is valid 
when |x| < 1. 
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Example 14 -7 

c 7 Q 

F ind the sum of y 2 ~ ^ -f" g '~ g ~y d- . . . 

Solution 

I'he nth term here is 

2n -h 3 

(2n- l)2n(2n-f 1) 

We first write this in the form 

^ /l,i^,andC are constants to be determined now. (This is 

called splitting into partial fractions). 

Now, 


A C __ A{2n)(2n 4- 1) + B(2n ~ l)(2n + 1) -f C(2n - l)2n 

2n — 1 ^ 2n ^ 2n 4- 1 (2n — l)2n(2n -h 1) 

We find .4, B and C after equating 

A(2n)(2n -f 1) 4* Ii(2n - l)(2n + 1)4- C(27i - l)2n = 2n + 3 

We compare the coefficients of n^, n and constant terms on the two sides of this equation: 


AA + 4J3 + AC = 0 

(14.2) 

2A - 20 = 2 

(14.3) 

-/? = 3 

(14.4) 

Solving this system of equations, we get ^4 = 2, B = — 3 and (7=1. I'herefore, the nth 
term here >s ^ 

'I'hus the given series is 

/2 3 l\ (2 3 1\ {2 3 1\ 

Now, 


2 3 1 2 

2 1 1 
^ ^ 1 „ 

1 ~ 2 ‘’■3 “ 1 

2 2 3 

= 2 


(2 3 1\ /2 3 1\ 

(T-2n)n3-4n)=^ 


= 2 
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So the series can be rewritten as 




1111 


4- 


2 3 4 


[2 -3 4 5 


= 21og2 + (log2) - 1 
= 3 log 2 - 1 


Example 14-8 

Prove that log(n + 1) — logn = 2 


2n -f T 3(2n 4- 1)" 5(2n 4- 1) 


4- 




Solution 


Right hand side = 2 


= log 


X'* x' 

1 4- x 

I ~ X 


1 j L_ 

= log 


1 


= log 
= log 


1 

2nH 

2n4-2 
2n 
n 4- 1 
ri 


= log(n *4 1) — logn 


where a; = 

2n 4 1 


Left hand side 


Example 14-9 

If a, jS are the roots of the equation — px 4- g = 0, prove that 
log(l + px + ,.-) = (a + fflx - . 

Solution 


Right hand side 



■ 


ax 1 ;; . 


4- 

2 3 




/3x - ^4- + h— 

2 3 


log(l + ax) 4- log(l + Px) 
log ((1 + ax) X (1 + Px)\ 
log [l + (a + P)x + aPx^] 
log(l +px + qx^) 

Left hand side. 


2 
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Here we have used the facts a -h ^ = p and ay3 = q. We know this from the chapter on 
quadratic equations. We have also assumed that both \ax\ and \px\ are <1. 

Example 14-10 

Using the series for log 2, prove that the value of log 2 lies between 0.61 and 0.76. 
Solution 



Example 14-11 

Using a suitable logarithmic scries, find an approximate value of log 3. 

I 

Solution 

An approximate value of e is 2.7 
log 3 is approximately 


, 3.0e , 30e 

W = '”*27 

= logc + logy 

- l + log(l+0 ' 
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"'' 9 2 81 3 729 


= 1.105 approximately. 


EXERCISE 14.2 


1. Prove that log 2 < 1 < log 3. [Hint: Convert this to a problem regarding c]. 

2. Ify = x— — ^ + ... and if |x| < 1 , prove that 3: = J/+^+^ + ... 

3. Prove that the series ^ ^ + ■ • • has the same sum as the 

series i — -iy + — . . . 

” 2n^ 3n® 


4. Prove that j j g + g | 5 + 4- . . . = log 2 — ^ . 


5. Prove that log(l + x)* ^*(1 - x)^ * = 2 ^ O ^ + . . . 

6. Prove that 21ogx — log(x + 1) — log(x — 1) = + . . . 

X M^X vX 

7. Find the value of log 4 correct to one decimal place. 


MISCELLANEOUS EXERCISE ON CHAPTER 14 


1 . Evaluate: 


(x - y) + ^(x’ - y^) + - y®) + - y**) + 


2. Find the value of e 

3. Show that 


^ upto 4 pi 


aces of decimals. 


, 1 -f 3x ^ So 35 o 65 4 

= 5x - -X + — I- - — X + . . . 


Iog(l + 3x + 2x*) 


^ 2 1 ^ 3 ^^4 

2*^+3* "T* 


4. Prove that 



CHAPTER 15 


Solution of IHangles 


Yhile introducing trigonometry in Chapter 2, we had stated that a principal objective 
)f trigonometry was to be able to calculate sides and angles of a triangle when some of 
.ts sides and angles are given. 

15.1 Some Basic Formulas 

Let the angles of a triangle be denoted by Ay B and C and the sides opposite to them by 
a, h and c respectively. 

B 




Fig. 15.1 Pig 15.3 

FVom Figs 15.1 and 15.2, wj see that 

— = sin A and - = sin C 
c a 

These two relations hold whether the angle A is acute or obtuse. It obviously holds if A 
is a right angle. Thus csin A = a sin Cor Similarly, drawing the altitude 

from the vertex C, we can show that 

sin A sinJ3 

h~ . 


a 
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Therefore, we have 


sin A sinB sinC 


a b c 

These equations constitute the Law of Sines, From this wc see that in any triangle, the 
length of the sides are proportional to the sines of the opposite angles. 

The Law of Cosines 

Referring back to Fig 15.1, we have 

AB^ = BI^ + AD^ 

= BD^ + {AC ~ CDf 
= BD* + AC^ + CD^ - 2AC.ai) 

Now, + CD^ = BC* and CD = BC cos C. Hence, 

AB^ = AC^ + BC^-2AC.BCcosC 
or -i-b^ — 2abcosC (15.1) 

The same equation is obtained if the angle A is obtuse as in Fig. 15.2. Wc also have two 
other equations obtained in a similar way. 


4- c* — 2occos B 
a* = 6* + c* — 26ccosy4 


(15.2) 

(15.3) 


The equations (15.1), (15.2), and (15..3) constitute the law of cosines. A convenient form 
of the cosine law, when the angles are to be found, is 


cos A = 
cosB = 
cosC = 


J,2 + c2 _ ^2 

26c 

c^ + - 6^ 

2ca 

o^4-6^-c^ 

2a6 


Half Angles 
We have 

Hence, 


cos A — 


62 + (r*-o* 
26c 


2 sin — = 1 ~ cos A 
2 
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— (b — c)^ 

26c 

(a -f 6 — c)(tt — 6 4- c) 

26^5 


Let. 

0 4-6-1-0 = 2.S. 



'rhen 

..:.2 yl _ - ^)(-‘' - C) 

Sill I'T — 

2 /I6c 

0 


or 

»"‘4=V 


(15.4) 

Similarly, 

wc obtain 




D ./(•’- c)(« - a) 

S'" T V 

^ V ca 


(15.5) 

and 

■ c /(s - ®)(« - <») 

'’'"7=V ab 


(15.6) 

Also, 

• 




2cos^ ^ 


1 -f cos A 

26c 


Hence, as before 


(6-f c4-a)(6 4"C~a ) 
26c 


A 

cos— = 
2 

js{H-a) 

V 6c 

(15.7) 

B 

cos — = 
2 

/.<«(a - 6) 

V CO 

(15.8) 

1 , - 

cos 2 

lsi»-c) 

V a6 

(15.9) 

Using formulas (15.4) to (15.9), we have 



^ 

^(--fc)(--c) 

s(s — o) 

(15.10) 

'“1 = ^ 

^(5 - c)(fl - a) 
s{s — 6) 

(15.11) 


\s - a){s - b) 
s{s — c) 

(15.12) 
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The Area of a Triangle 

Referring again to Figs 15.1 and 15.2, we see that the area A of the triangle ABC is 
given by 

A = -bcsinA. 

Similarly, we can show that A ~ ^casinB = jofcsinC. Now, 

A = ^fccsin id = fccsin ~ cos ^ 

= or A = v/a(.<. - a){a - b){s - c) 

This formula is known as Hero's formula. 


Example 15,1 

Given yi = 25, 5 = 52, c = 63. Find cos A, 
Solution 


cos v4 


26c 

52^4-63^-25^ _ 2704 4- 3969 - 625 
2 X 52 X 63 ~ 2 X 52 X 63 

12 
13' 


Hence, cosyl = 


Example 15,2 

Given a = 15, 6 = 36, c = 39. Find sin y. 


Solution 



( 

i 


(j - b){a - c) 
be 


;2j9 = 90 


(45 - 36)(45 - 39) 


36x39 
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EXERCISE 15.1 


1. Given a = 18, b = 24, c = 30. Find 

(i) sin>l, sin R, sinC 

(ii) tani4, tani?, tanC 

(iii) A * 

(iv) tan tan tan y . 

15.2 Some More Formulas 
1. In any triangle'^yljBC, we have 

a = fccosC 4* ccosiJ 
h = ccos>l -h acosC 
c = acosB -\-bcos A. 

Proof: Referring again to Fig. 15.1, we have 

b = AD 4- DCy AD = ccos A and DC = a cos C. 

> Hence 6 = ccos A 4- acosC. 

If A is obtuse (See Fig. 15.2), we have 

b = CD -^’ADf CD = acosC, AD = ccos(7r — A) 

= —ccos A 

Hence, b = acosC — (— ccosj4) = acosC 4- ccos A. 

Other formulas are proved in similar manner. 


2. Law of tangents: In a triangle ABC^ 


B^C b-c A 

tan = r cot — 

2 6-fc 2 


Proof: By law of sines, we have 

a 


^ ^ L. 

= -t-t; = say- 


sini4 sinJ3 sinC 
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Therefore, 


or 


b — c 
b + c 


tan 


B-C 

2 


k(sinB — ainC) _ sinfi — sinC 
A(sinB + sinC) sinB + sinC 
B|C.:. B-C 


2cob ' 


2 sin 


B 






B-C 


tan ' 


b-c A 

cot — . 

b + c 2 


“(f-4) 


= tan 


B-C 



We have similar formulas for tan — ^ - and tan ^ ~ 2 ~ ^ ■ The above formula can 
also be written as 

b-c _ tan ^ 2 — 

+ c “ tan £ 

The student is advised to prove it. 


EXERCISE 15.2 


1 . Write formulas for tan ^2^ ~T^ analogous to that of tan ^2^ 
prove them. 

2. Prove that 


0 + 6 
c 

0 — 6 
c 


cos ^2^ 

r~c ’ 

sin-j 

r> 

cos^ 


Half Angle Formulas 

ABC is a trian^e. Let AO, BO and CO be angle bisectors. Then OD = OE = OF = r, 
where r is the radius of the incircle. Erom Fig. 15.3, we see that tan ^ 
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R r C r 

tan Y "VTj Y ~ "C^' expressions for r, AF, BD and CE iri 

terms of the sides a, h and c. llie area A of the triangle ABC is the sum of the areas of 
the triangles and ^OC. Hence, 

A 1 1 1l 1, X 

A = -cr + -or + -or = -(a 4 - 0 + c)r = rs 

/» JL It 

Therefore, r = ^. ^ 

Also triangle AFO and AEOy are congru- 
ent. Hence, AF — AE. Similarly, 

BF = BD and CiS = CD. Since the sum 
of these six segments is a -f 6 -f- c = 2s, we 
get 

AF + BD + CD^ s. 

Therefore AF = s — {BD + CD) = s — a. 

Similarly, J3D = s — fc and CE = a—c. A F c B 

Hence, 

A r B r , C r 

tan — = , tan — = r and tan — = . 

2 a-a 2 a~b 2 a-c 

These formulas give a quick way of hnding 
the angles of a triangle, given its sides. 



Example 15.S 

If a = 13, b = 14, c = 15, hnd tan tan tan 


Solution 


13 + 14-1-15 
*= 2 

A = — a){a — b){a — c) = y/21 x 8 x 7 x 6 

= v/7 x7x 6x6x4 = 84 sq.unit 

r = — = 4' tan — = ^ = 1 

a ’ "2 21-13 2 

^ B 4 ^ C 4 2 

tan— = ;;,tan— = - = - 
2 7 2 6 3 


Example 15.4 

If the sides d, b, c of a triangle are in Arithmetic Progression, prove that 

ABC 

cot— , cot— , cot — 


are in A.P. 


I 
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Solution 
To show that cot 


C 


B 


“F cot = 2 cot . 

L.H.S. = cot 4+ cot? 

2 2 

.9 — a .9 — c 


2.9 — (a + c) 


r r 

2.9-26 ,.9-6 

-rr- = 2( 


s .. 

) = 2 cot — 

T I 


[Since a, 6, c are in A.P. 
26 = a f c] 


Example 15.5 

Let R be the radius of the circumcircle 
3f a triangle ABC. Show that 


2 sin A 2sinJ3 2sinC 

Solution 

Let O be the circurncentre and OD be 
he perpendicular on BC from O.Then 
BD = CD == 2* Also triangles OBD 
ind OCD are congruent. F\irthermore, 

'.BOC 2A. Hence, LBOD = A. 

a 

Therefore, sin A = Hence, 

H. = 2 Sin A ' H^^ce, by law of sines 
R — Q __ 6 _ c 

2sin^ 2sin£f 2 sin (7 



EXERCISE 15.3 


n any triangle ABC, prove that 

1. sin^B^ = ^cos4 

2. a(bcosC — ccosB) = h^ — (? 

3. a(cos C — cos B) = 2(6 - c) cos* y 
. s\n(^B -C) fc2_c* 

sThJb ^ 
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5. a8in(jB — C) -f 6sin(C - A) -f cs\n(A — fl) = 0 

6. Find the angles A,B^C and also the radius of incircle, given 

(i) a =18, 6 = 24, c = 30 

(ii) a = 13, 6 = 4, c = IS 

Use trigonometric tables, if necessary. 

7. Let R be the radius of the circumcircle of a triangle ABC, Show that R = 

8. The sides of a triangle are 22, 28, 36 centimetres. Find the areas of the inscribed 
circle, the triangle and the circumscribed circle. 

15.3 Right Triangles 

Let us consider the problem of solving 
right triangles. In general a triangle can 
be solved if we know three of its parts, 
at least one of which is a side. Thus it 
is possible to find the remaining parts of 
a right triangle if in addition to the right 
angle, one side and any other part (side or 
angle) are known. Thus if yl = 90°, side 
6 and angle 13 are given, then 

b ^ a 
sin B sin 90® 

I jence a = ■ i -’p. Also f = cot B, so that c = 6cot J3. If the sides 6 and c are given then 
si n rS 0 

a — + c*. Similarly, we can solve the triangle in the other cases. 

Example 15.6 

A right triangle has c = 64, LA = 61” and LC = 90”. Find the ramaining parts. 
Solution 

Since LA + LB+LC= 180”, we have LB = 180” - (61” + 90”) = 29”. 

Now 3 ^ = Hence 

sin E sin 90 

6 = csin B = 64 sin 29” or 6 = 64 x .4848 = 31 .0272 (from tables). 

. . 

Also, a a 64 cos 29” = 64 X .8746 = 55.9744 


C 



A c B 

Fig 1S.6 
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Example 15.7 

Solve the right triangle ABC^ given o = 45, 6 = 35.2 and LC — 90®. 
Solution 

„ 6 35,2 

tan B = - = — — = .7822 
a 45 

FVom tables, B = 38®2' approximately. 

Therefore A = 51 ”58'. 

Also 

- = sec jB or c = 45 X 1 .2696 
a 

= 57.13 


EXERCISE 15.4 

Solve the right triangles, where iC — 90® 

1. a = 43, A = 53® 

2. c = 6.5, A = .26® 

3. 0 = 50.4,6 = 26.2 

4. 6 = 3.3,c = 4.4 

5. 6 = 4.5, A = 39° 

6. o = 412,c = 610 

15.4 Oblique Triangles 

We now consider the problem of solving oblique triangles — the tirangles which are not 
right angled. As already stated, we can solve a triangle if we know three of its parts at 
least one of which is a side. Different cases to be considered arc: 

Case 1: The three sides are given. 

Case II; Two sides and the included angle are given. 

Case III: Two sides and the angle opposite to one of them are given. 

Case IV: One side and two angles are given. 

Case I: Given the three sides a, 6 and c 

Since a, 6, c are given, s — is known. Then the half angles can be computed 

by using formulas for their sines, cosines or tangents. Only two angles need be found, 
the third can be found by subtracting the sum of the two from 180®. The angles can also 
be found by using cosine formulas. These are usually avoided unless a, 6 and c are small 
numbers, as it may ihvolve longer calculations. 
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Example 15,8 

Solve the triangle for given a = 20, 6 = 30 and c = 21 
Solution 


a = 


20 -h 30 + 21 


= 35.5 


A 

C03- 

logcos^ 


js^s - a) / 35.5(35.5 - 20) 

“V 6xc “V 30x21 

= i [log 35.5 + log 15.5 — log 30 — log 21] 
= \ [1.5502 + 1.1903 - 1.4771 - 1.3222] 
= J [2.7405 - 2.7993] 

= i [-.0588] = -.0294 


Logarithmic' cosine is defined by Lcosy = 10 + logcos^ (Other logarithmic trigono- 
metric functions are defined similarly and there are tables which give their values). 

Hence, Lcos j = .0294 = 9.9706. 

FVom tables ^ — 20"50' 

Hence A = 41“40' 


Now I 


cos^ 



s{s — b) 
ca 


35.5 X 5.5 


/35.5 

V 20 > 


20 X 21 


log cos = ~ [log 35.5 -I- log 5.5 — log 20 — log 21] 

b A 

= 5 [1 5502 + 0.7404 - 1.3010 - 1.3222] 
= [.3326] = -.1663 

L cos ^ » 9.8337. 

Hence, y == 47®. so that B = 94®. 

Therefore, C = 180® - (X -h B) = 44®20'. 
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EXERCISE 15.6 


1 . If a = 9, 6 = 10, c = 1 1 , find B, given log 2 = .30103, L tan 29°29' = 9.7523472 and 
Ltan29°30' = 9.7526420. 

[Hint: Use formula for tan y and interpolate.] 

2. Solve the triangle, given 

a = 2, 6 = v/6, c = \/3 — 1 

[Hint: Use cosine formula.) 

3. The sides of a triangle are 2, 3 and 4. Find the greatest angle, if log 2 = .30103, 
log3 = ,4771213, Ltan52°14' = 10.1108395 and Ltan 52*^15' = 10.1111004 

4. Making use of the tables, solve the triangle, given a = 25, 6 = 26 and c = 27 

Case II: Given two sides b and c and the included angle A 

Let b denote the greater side. Then we 
have 

J3-C b-c A 

tan — - — = 7 cot 

2 6 + c 2 

This gives us the angle ' 2 ' ' 

^ ^ ^ = 90° — y we now get the angles 
B and C. The third side can now be de- 
termined by Sine law. The third side can 
adso be found by Cosine law, but as men- 
tioned earlier, we avoid it unless the sides 
are small. 

Example 15.9 
Solve the triangle, given 

6 = 50, c = 80, A= 132° 

Solution 

C-B c-b A 
= :^cot66* 


B 



Fig 1S.6 
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Hence 

C — i? 

L tan — - — = log 3 + L cot 66“ — log 13 

= .4771 + 9.6486-1.1139 
= 10.1257-1.1139 = 9.0118 , 

Hence = 5“50' or C - B = 11“40'. 

Also = 90“ - 66“ = 24“ or C + B = 48“. 

Therefore, C = 29“50', fl = 18“10' 

510 = 5ifc’ 

_ csinA _ 80 sin 132° 

* sin C sin 29“50' 

Hence, log a = log 80 + L sin 132“ — L sin 29“50' 

= 1.9031 + £,cos42“ - Lsin29“50' 
or logo = 1.9031 + 9.8711 - 9.6968 

= 11.7742 - 9.6968 
= 2.0774 

Hence, o = 119.5 (from tables). 


EXERCISE 15.6 


1. If o = 21, 6 = 11 and C = 34“42'30", find A and B, given log2 = .30103, 
Ltan72“38'45" = 10.50515. 

2. |If 6 = 14, c = 11 and A = 60“, find B and C, given log2 = .30103, log3 = .4771213 
Ltanll“44' = 9.3174299, Z,tanll“45' = 9.3180640 

3. Ifa = \/3 + l,6=v/5— 1 and C = 60“, find the other side and angles. 

4. o = 40, c = 40v^ and B = 30“, solve the triangle. 

Case III: Given two sides b and c and the angle B opposite to one of them. 

In this case there may be no triangle, or one triangle or two triangles depending on the 
given parts. For this reason, it is called the ambiguous case. These may be considered 
as follows: 

By cosine law 

6* = <^ + a* — 2cacosB 
or o* — 2accosB = 6* — c*. 
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Adding cos^ B to both sides, we get 

— 2accos B 4- cos^ B 
= -f cos^ B 

= b^^c?sxii^B. 

Thus, (a ~ cros B)^ — (? sin^ B 

or a = ccosB ± sin^ B. 

This equation helps us to determine a, given 6, c and B. 

(i) If 6 < csini), then — c^sin^i? < 0 and hence there is no solution and hence no 
triangle. 

(ii) If fc = c sin J3, then a = ccos B (only one solution) and the triangle is right angled. 

Note that r - ^ - p = c. Hence ZC = 90“. 
sin B 

(iii) If 6 > csini?, then there are two solutions. But, since a > 0, the value 

ccosB — ~ c^sin^ i? is inadmissible unless it is positive, i.c. unless 

“•c*^sin^B < ccosB 

or — <? sin^ B < ^ cos*^ B 

or 6^ < c^. 

Hence there are two triangles when c > b> csinB 

(iv) If B is obtuse, then ccosB is negative, and one value of a is negative and the 
corresponding triangle is impossible. The other value will be positive only when 

c cos B 4- \/bl^ — (? sin^ B > 0 

or \/l^ — (P sin* B > —ccosB 

or 6* — c* sin^ B > c* cos^ B. 

or iP > ^ or h> c. 

Hence, if B is obtuse, there is only one triangle when h> c. 

Example 15 JO 

Given o = 2528, b = 3126, B = 51°25', solve the triangle. 

Solution 

In the discussion, we had used the letters b, c and B for the given parts. When other 
letters are used (as in this case) the reasoning remains the same. In this case the side b 
(opposite to angle B) > a and form (iii), we have exactly one triangle. 
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iio = iio 

Hence, sin /I = j sini^. 
'I'hercfore, 


Lsin>l = log2528 + Z,sin51°25'-log3126 ' 

= 3.4028 + 9.8930 - 3.4950 (from tables) 
= 13.2958 - 3.4950 
= 9.8008 

Hence, A = 39°13'. 'I'herefore, C = 180“ - (51“25' + 39“13') 

= 89“22' 


Alsoc=^^fif^ 

Hence, logc = log3126 + Lsin89“22' — /ysin51“25' 

= 3.4950 + 10.0000 - 9.8930 
= 3.6020 


Hence, c = 3999. 


Kxamplv. 15.1 1 

Solve llie triangle for 6 = 50, c = 63 and B — 54°. 


Solution 

Lot us calculate csin D to sec whether 6 < csinH or not. In fact we calculate 


csin.B 

~~r~ 


— sin C. 


Now 


log sin C = log 63 + L sin 54“ — 10 — log 50 
= 1.7993 + 9.9080 - 10 - .1.6990 
= .0083 

Since logsinC > 0, we conclude sinC > 1. This implies that there is no solution. 
Example 15.12 

Solve the triangle for a = 28, 6 = 38 and A — 39°. 
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Solution 

Here a <b and 6sin>l = 38 x .6293 < a. 

By (iii) there are two solutions. 

Now, c = bcosA^ 'J c? — 6® sin* A 

log(h cos d) = log 38 + L cos y4 - 1 0 = 1 .5798 + 9.8905 - 1 0 
= 11.4703- 10 = 1.4703 

Hence, 6cosyl = 29.53 
Similarly, 


log(5sinv4) = 1.5798 + 9.7989-10 
= 11.3787- 10= 1.3787 


and 6siny4 = 23.91. Also 21og(6.sin A) = 2.7574. 

Therefore, l?s\n^A=^b72 

Hence, a? ~ I? sin^ A = 784 - 572 = 212.0 

Hence, s/c? — sin^ A = 14.56. 

Hence, c = 29.53 ± (14.56) 

= 44.09 or 14.97 


Now, 


Hence, sinB = ^ sin 39°. 
Hence, 


sin B sin A 

b a 


LainB = 1.5798 + 9.7989- 1.4472 
= 11.3787-1.4472 
= 9.9315 


Hence, B = 58°40' or 180° - 58°40' i.e. 121°20' 

and C = 180° -(A + 3) 

= 82°20' or 19°40' 

So the solutions are {AABC in Fig. 15.7) 


a = 28 b = 38 c = 44.09 
A = 39° B = 58°40' C - 82°20' 
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c 



Fig. 15.7 

For the other solution (AAD'C in Fig. 15.7), 

B' = 12r20' 
C = 19°40' 
c = 15.40 


EXERCISE 15.7 

o 

1. If a = 5, 6 = 7 and sin>l solve the triangle, if possible. 

2. If A = 30®, a = 100, c = 100\/2, solve the triangle. 

If = 30®, 6 = 8 and a = 6, find c. 

4. if a, 6 and A are given so that two triangles may be formed, show that the angles B 
and B' in the two triangles are supplementary to each other. 

5. If a = 5, 6 = 4 and A = 45°, find the other angles, having given log 2 = .30103, 
Lsin 34°26' = 9.7523919 and Lsln 34®27' = 9.7525761. 

Case IV: Given one side and two angles, say, a, B and C 

If two -angles of a triangle are given then third can be found easily. 

Thus i4 = 180® -(B + C) 

The other sides can be found out by using sine formula. Thus 

, sinB , sinC 
6 = 0-: — 7 and c = a— — - 
sin A sm A 
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KinmpU: 15.1‘i 
Solve (he triangle given 


c = 1 .732, A = 23”16', li = 20”3'. 


Solution 


C = 180“ - (23“16' + 20“3') 
= 136“41' 
a = -r- — sin /I. 

Sint 

Hence, 


logo = ,2385 + 9.5966 - 9.8363 
= -.0012 = 1.9988. 


lienee, a = .9973. 'I’he side b can be found similarly. 


EXERCISE 15.8 


1 . Solve the triangles given 

(i) c = 72,/l = 56“,i? = 6.5“ 

(ii) o = 18,R=108“,/i = 25“. 

(iii) b = .302, A = 50“10', C = 72“. 

10 1 o 

2. The base angles of a triangle are 22^ and 1122 ’ ^ equal to 

twice the height. 

3. The angles of a triangle are in the ratio of 1:2:7. Show that the ratio of the greatest 
side to the least side is >/5 -h 1 : >/5 — 1 . 

15.5 Heights and Distances 

In this section we shall discuss some problems regarding heights and distances. We begin 
by defining some terms which are needed in our discussion. 
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Angles of Elevation and Angles of Depression 


Suppose O and P are two points, P being 
at a higher level than O. Let OM be the 
horizontal line drawn through O to meet 
the vertical line drawn through P at M. 
The angle MOP is called the angle of 
elevation of the point P as seen from O. 
Draw PN, parallel to OM, so that PN 
is the horizontal line passing through P. 
The angle NPO is called the angle of de- 
pression of the point O as seen from P. 

Bearings of a Point 

Let NS stand for a line in the north-south 
direction and EW in the cast-west direc- 
tion. The acute angle which OA makes 
with NS is called the bearing of the point 
A from O. The bearing of A may be pre- 
cisely indicated by giving the size of the 
angle and specifying whether it is mea- 
sured from ON or OS and whether to the 
east or west. Thus in the figure, 0.4 is in 
the direction .30° east of north and the 
bearing is written N2XPE. The bearings 
of some other points are also indicated in 
Tig 15.9. 

Axample on Heights and Distances 


N P 




Fig 15.9 


‘Example 15.14 

l^m a cliff 150 metre above the shore line the angle of depression of a ship is 19°30'. 
Find the distance from the ship to a point on the shore directly below the observer. 


Solution 


We want to find x in Fig. 15.10. 
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11 150 

= 424in approximately. 



Example 15,15 

From a certain point on a level street, the angle of elevation of the top of a building is 
50°. From another j>oint 100 metres further away from this point, the angle of elevation 
is 38°. Find the height of the building. 


Solution o 



Hence, x = 226.8 

Hence, the height of the building is Fig 16.11 

226.8 m approximately. 


Example 15.16 

Two ships leave a port at the same time. One goes 24 km per hour in the direction N 
38° E and the other travels 32 km per hour in the direction S 52° E. Find the distance 
between the ships at the end of 3 hours. 

Solution 
in Fig. 15.1 2, 

note that LAOB = 90° 

Hence, AB = km 


= 24 X 5 km = 120 km 
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Example 15.17 

The horizontal distance between two tow- 
ers is 60 m and the angular depression of 
the top of the first as seen from the top 
of the second, which is 150 m high, is 30°. 
Find the height of the first. 

Solution 
i?Z? = 150m 
We have to find h. 

Now =tan30‘’ = ^ 

or /jV 5 = 150v^-60 

b = 150-20n/3 
= 115.359 



Pig 15.12 

..... 


Hence, the required height is 115.359 in i 

. , , »• 6()m 

approximately. 

Fig 15.13 


EXERCISE 15.9 


1. The angle of elevation of a ladder leaning against a house is v58°, and the foot of the 
ladder is 9.6 m from the house. Find the length of the ladder. 

2. A person, standing on the bank of a river, observes that the angle subtended by a 
tree on the opposite bank is 60°; when he retreats 20 m from the bank, he finds the 
angle to be 30°. Find the height of the tree and the breadth of the river. 

3. FVom a tower 128 m high, the angle of depression of a car is 26"10'. Find how far 
the car is from the tower. 

4. At a point A, the angle of elevation of a tower is such that its tangent is on 

walking 240 m nearer the' tower the tangent of the angle of elevation is ^ . Find the 
height of the tower. 

5. To find the distance between two points A and B on opposite sides of a river, a 
surveyor runs along a line AC perpendicular to AB. By measurement, he finds 
AC = 200 m and lACB = 48‘‘40'. Find the distance AB. 

6. Find the height df chimney when it is found that, on walking towards it 50 m in a 
horizontal line through its base, the angular elevation of its top changes from 30° to 
45“ 
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7. A town li is 13 km South and 18 km West of a town A. Find the bearing and 
distance of B from A. 

8. An observer on the top of a cliff 200 m above the sea-level, observes the angles c 
depressions of two shipw on opposite sides of the cliff to be 45° and 30° respectively. 
Find the distance between the ships if the line joining them points to the base of -he 
cliff. 

9. "I’hc upper part of a tree broken over by the wind makes an angle of 30° with the 
ground, and the distance from the root to the point where the top of the tree touches 
the ground is 10 m. What was the height of the tree? 

10. L>om a tower 126 m high, the angles of depression of two rocks which are in a 
horizontal line through the base of the tower are 16° and 12°20'. Find the distance 
between the rocks if they are on (a) the same side of the tower; (b) opposite sides of 
the tower. 

11. At the foot of a mountain the elevation of its summit is 45°; after ascending 1000 m 
towards the mountain up a slope of 30° inclination, the elevation is found to be 60°. 
Find the height of the mountain. 



CHAPTER 16 


Inverse Trigonometric Pimctionsf 


16.1 The Inverse of a Function 

Let f : X Y he n. function. Recall that / is said to be one-to-one if f{x\) ^ /(.r^)? 
whenever rcj ^ We say that / is onto if for each y G then? ('xists an x Cf X such 
that y = /(x). U f : X Y in one-to-one and onto then, we can define a iiniciiie function 
ff :Y X such that g(y) = x, where x € X is such that y = /(x). TJiiis the domain ol* 
g = range of / and range of g = domain of /. The function g is called the inverse of / 
and is denoted by / ^ Note that the graphs of / and / ^ are 

{(x, /(x))|x € domain/} and 
{(/(x),x)|x € domain/} respectively. 


Example 16.1 
Let /(x) = 2x,0 < X < 1. 

Then /~^(x) = ^, 0 < x < 2. 'I’he student is advised to verify it. 

Inverse of lYigonometric Functions 

l^et us consider the function /(x) = sinx. We know that if sin x = sin(?, then 

x = riTT -h {—1)^0 for some integer n. 

However, if we restrict the function sinx to < x < ^, then this function is one- 
to-one and its image is — 1 < j/ < 1. Actually, sinx restricted to any of the intervals 
< X < ^, ^ < X < < X < — ^ etc. is one-to-one and its image is 

— 1 < y < 1. We, therefore, conclude that in each of these intervals we can define the 
inverse of the sine function. Note that y = sin“' x means x = sin y. Furthermore, sin x 
should not be confused with (sinx)”^ which is equal to Also, note that sin“^x is 

an angle whose sine is x. 

We emphasise that sin^^x is a function whose domain is — 1 < x < 1 and whose 
range is ^ < y < ^ or < y < or ^ < y < ^ and so on. Corresponding 
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to each such interval, we say that we get a branch of the function sin x. 1 hus A\A2^ 
A2A3 etc. and A^Bu B1D2 etc. are different branches of sin ’ x. Of course these are 
graphs of different functions. 



Graph of y^sifi'^x 


Pig 16.1 



Fig 16.2 Pig 16 3 


FVom the graph, we see that for each x, -1 < x < 1. there exists a nique 1, € 
» j such that siny = x. This y is called the principal value of sin ’ x Notice that 

sin-‘ : [-1, 1) -» [=^, 5 ] becomes a function. We also note that the p' incipal value of 

«n* * X is numerically least among all values of sin"’ x. The consideratioiui similm to the 
above are valid for other inverse trigonometric functions like cos x, tan x and so on. 
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Remark 

The priihipal value of sin~'x, for x > 0, is precisely the length of the arc of unit 
circle cent.^ at origin which subtends an angle at the centre whose sine is x. For this 
reason sin'^x is also denoted by arcsinx. Similarly, cos~^x, tan~^x 9tc. arc denoted 
by arc cos X, arc tan x and so. on. Following is a table giving the inverse trigonometric 
functions and their principal value branches: 

Functions Principal Value Branches 


y = sin ^ X 

-^<y<h 

where — 1 < a; < 1 

y = cos'^ X 

0 < y < IT. 

where — 1 < x < 1 

y = tan"^ x 

1 

A 

A 

where — oo < x < oo 


f 0 < y < j. 

where 1 < x < oo 

y = sec"^ X 

< and 




where — oo < x < — 1 


f -f < y < 0, 

where - oo < x < -1 

= cosec”^ X 

< and 



^|w 

VI 

V 

o 

where 1 < x < oo 

H 

7 

o 

II 

0 < y < JT, 

where — oo < x < oo 


Note 


1. When y is positive (0 < y < 1), there are two angles, one between 0 and ^ and the 

other between and 0 having their cosines equal to y (Recall cosx is an even 
^ ft 

function). In this case, we take the angle lying between 0 and — as it lies in the 

principal value branch of cos~^ 

I ‘For example, cos”' though cos 

2. Whenever no branch of an inverse trigonometric function is specifically mentioned, 
we mean the principal branch of the function. 


3. We have given the graphs of sin~^ x. The graphs of other inverse trigonometric 
functions can be drawn from the knowledge of the graphs of corresppnding trigono- 
metric functions. The graphs of tan~^ x and sec~^ x are given in Figs. 16.2 and 
16.3, respectively. 


16.2 Properties of Inverse 'nrigonometric Functions 

1. ^ = sin~^(sin0) for ^ Let sind = x and ^ 

Then 0 = sin~^ x = sin“*(sin^). 

Similarly, 0 = cos"^(cos®), 0 < 6 < tt 
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= tan"*(tan0), — ^ <0 

• 2 2 

= sec'^(secfl), O<0<^, ^ < 0 <7r 
== cosec" ^(cosccfl), 0 < 0 ^ < ^ < 0 

= cot~^(cot0), 0 < 0 < TT 


Note that in the above formulas and the others to follow, assume that we are dealing 
with the principal branches of the functions. In no case, we should consider two 
different branches simultaneously while working with these formulas. 

(tH 


For example, sin 


Also, sin 


But sin ^ 



;r , 3;r 3;r 

is — and not — , since — 
4 4*4 


does not lie within 



the principal 


value branch of sin"‘ x 


Hence, sin 



K 

7 


2. cosec”^ X = sin ^ if x > 0, cot ^ x = tan * i if x > 0, cot ^ x = tt + tan“^ i 
if X < 0, and sec“^ x = cos”^ ^ if x > 0. Let us prove, for example, cosec“^ x = 
sin“^ i if X > 0. Let cosec”^ x = y. Then x = cosecy, < y < ^ and y ^ 0. So 
“ = siny or y = sin“^(~). Other formulas can be similarly proved. 

3. Since sin^^x, tan“^x and cosec" ^x may assume positive or negative values, we 
determine the value of sin"^(— x). Let sin" *(— x) = y. Then ^ < y < j and 
—X = sin y or X = — sin y = sin(— y). 

Hence, — y = sin“^ x or y = — sin”^ x. 

Hence, sin"^(— x) = — sin"Vx 

We can similarly prove that cos"^(— x) = tt — cos"’ x, tan’ ’(— x) = — tan"’ x and 
cosec"’(— x) = — cosec"’ x and cot"’(— x) = tt — cot"’ x. 


4. We now prove the following important relations between the inverse trigonometric 
functions: 

(iv) tan"* I + tan"' v = tan"' if < 1 

(i) sin * X -f- COS * X = ^ 

(n) t™-> . + cor- X = f W »**>-■ 

(iii) cosec"’ x -f sec"’ x = ^ (vi) 2 tan"’ x = sin"’ ^ = tan ’ ^ 
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Proof 


(i) Let sin”^ x = 0. Then <0<^ and x = sin 0 = cx)s(^ — 6^), 0 < j — 6^ < tt, 

^ — 0 = cos“^ X, 

Hence, sin~^ x 4- cos ^x — — 0=^ 

(ii) and (iii) are similarly proveii. 

(iv) tan~^ X -h tan~^ y = tan~^ \—xy ' 

Let tan'^ x = tan~^ y = 02* 'I'hen x = tan^i, V = tan^ 2 » ^ ^2 < §• 


x + y 
\-xy' 


Hence, 0) + 02 = tan '* \ — xy ~T < + ^2 < 5- 

Note that if ary > 1, then (iv) cannot hold. If xy = 1 then ll.H.S of (iv) is not 

defined. Suppose xy > 1. If both x, y > 0, then < 0 and R.II.S of (iv) 

1 xy 

is negative, while L.H.S. is positive. If both x, j/ < 0, then j' - y - > 0 and 

1 xy 

R.H.S of (iv) is positive while L.H.S is negative. Therefore, (iv) cannot hold 
if xy > 1. However, if xy < 1, then we can show that O 2 lies between 
and ^ (Problem 14, Exercise 16.1). 

Hence, in this case (iv) holds. 


(v) We prove (v) in the same way as (iv). We need only to change y to — y. 

(vi) Let tan x = ^, then x = tan0. 

Now, 


2x _ 2 tang 


1 4- X 


^ 1 -f tan^ 0 


2singcosg 
sin^ 0 4- cos^ 0 


= sin 26 


Hence, 2g = sin ^ y if < 2g < 5 
14-x^ ^ 


Similarly, we can prove the other relations. We must remark that these results hold 

1 *yrr 

only for restricted values of x. Thus sin“^ -- - - a = 2tan~^ x if —I X x < 1. Notice tliat 

1 4- x^ 

ifx>lorx<— 1, then 2tan“^ x is either > ^ or < Similarly, 


cos 


1-x^ 
1 4- x^ 


= 2 tan ' X if 0 < X < 00 and 2 tan“ ^ x = tan 


-1 


2x 


1 — x^ 


if - Kx < 1. 
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Example 16.2 
Find the principal values of 

(i) cosec' ^(—1) 

(ii) cot 


Solution 


(i) Let cosec‘ ^(—1) = y. then y must satisfy < y < 0 and c(xsecy = —1. This is 
true only for y = which is, therefore, the principal value of cosec"’(— 1). 

) = y. 'rhen cot y = or tan y = — Now, tan 0 = — tan(7r — 0). 

Therefore, since tan ^ = \/3, we must have principal value of 5 “ 

2n 

Example 16.3 

Find two branches, other than the principal value branch of tan"* x. 


(ii) Let cot * ( 


Solution 

By graph of tanx, we can see that the inverse function of tanx exists in each of the 
intervals < y < f<y<^»^<y<^ so on. Hence, the two 

branches of tan " * x can be taken to be 

—Stt 1 — TT , TT Stt 

-y- < tan 'x< — and-<y<y. 

Example 16.4 
Prove that 

2tan'^(-) = sin~* ■ - ^ ---if|x| > 1 
X x^ -h 1 


Solution 
Let tan”^ x ^ 

Then 1 = tan0, |0| < | since |i| < 1- 
Hence, L.H.S. = 20 


R.H.S. = sin 


-1 


2x 


x2 + l 


= sin 


-1 


2 

X 


1 ^ 
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Example 16,5 
Prove that 


. 2tan& . - 1 / . 

5 -T = sm (sin 2^) 

1 -f tan^ 0 ^ ^ 

20 = L.H.S. 


1 1 1 2 

tan - 4- tan — = tan 

^ * I A *5 y 

lution 

!t tan"^ 7 = and tan'"^ ^ Then 

/» /I 

- -f — = tane/i 4- tan02' 

I lo 

X //I I 


tan(tfi 4-02)(1 — tan^i. tan^ 2 ) 

tan(di +^2) 


tan(0i 


20 //» 

gr = ^ 


+«=i 

0\ 4" 02 


-1 2 
tan ^ - 
9 


-1 1 -1 1 

tan - 4- tan — 

7 13 

1 -I- 1 

•« I 


Example 16,6 
Solve tan"' 2x 4- tan"' 3x = 

Solution 


tan ' 2x 4* tan ' 3x 


= tan 


_i 2a?4-3x 


1 — 2x.3x 


= tan 


-1 


5x 


1-6x2 


, provided 


6x^ < 1. 
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Hence 


tan 


or 

or 


- I 5x _ ^ 

1 — 6i^ 4 

5x 


1 — 6x^ 

6x^ -I- 5x - 1 = 0 or (6x -- l)(x + 1) = 0 
Hence, the required solution is x = g 

Note that x = — 1 does not satisfy the solution as tan~'(-2) + tan^^(-3) < 0. 


Example 16.7 

Write tan~^ ( f ^si n x ) simplest form. 


Solution 

Let tan ’ cos^ ^ g 
1 -f- sm X 

Then — = tantf 

1 -h sinx 

Now, 


cosx 

1.4-sinx 


cos^f 


sin^ f 


(cosf +sinf)' 


cos 2 — sin ^ 
cos ^ Hh sin ^ 


cn x\ 

— \ L tan ( ; I = tan 0, 

cos(f-l) 2 ; 


Hence 9 = ^ ^ 


cosx \ _ TT X :e — TT ^ TT X ^ TT : _ :r — TT ^ ^ StT 

M+sini^ - T“2“'7"<T~2<7> ‘•®- ” “T < < T 


Example 16.8 
Show that 


tan 


_j >/l + x^ 4- v^l — x^ _ ^ 4. ^ 

>/l 4 - x^ — >/l — x^ 


- 1 2 

= — I — cos X . 


Solution 

Let 0=2 X ^ 0. Then x^ = cos 20, 0 < 20 < ^. Hence 


L.H.S. = tan 


= tan 


= tan 


_j ^ v/1 -f cos 20 4 >/l — cos 20' 
\ >/l + cos 20 - >/l — cos 20, 
^cos0 4-sin0'' 


_i / cos0 4-sin0\ 
\cos0 — sinO J 
,j / I 4- tan0\ 

\ 1 — tan0/ 
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= tan ' (tar,(^ +<?)) = J + 0 ( since J ~ + 0<j + ^ 

TT 1 12 

= — -f - COS X 

= R.H.S. 


EXERCISE 16.1 


1. Find the principal values of 


(i) sin 

’(-1) 

(ii) tan 


(iii) cw 


(iv) sec 

'(A) 


(v) C(»t '(\/3) 


(vi) coscc ^(—2) 

2. Kind any tliree branches, other than the principal value branch, of eac:h of thc^ fol- 
lowing: 

(i) sec ^ X 

(ii) cosec ^ X 

(iii) cot^^x 

J^rove tlie following: 

3. cos ' X = 2sin^^ = 2cos"' ^ ^ - 

4. 3cos ' X = cos ^(4x‘* — 3x) 

5. sin(2sirr^ x) = 2xv^l — x'-^ 

6. tan "' ^x = 2 cos "' ^ 

7. tan ' t + tan ' — = tan“' j 

8. tan ^ ^ "h ' 9 ” 2 ^ 5 

9. cot' -f cot-' ^ . 4: J - 4-cot ' = 27r if a < 6 < c 

a — 0 0 — c c — a 
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10. If cos“ ^ ^ -I- cos ^ ^ = or, prove that 




1 1 . Find the value of 


^ 2xy y .2 

T COS a 4 — = sin a 

ab 


/ 1 . I 2x 1 . 1 \ 

V 2 1 4- 2 1 4 ) 


12. Solve the following equations: 

(ii) 2 tan '(cosj;) — tan ’ (2(:osee x). 

1.3. Write the following in the sirripk^st form: 

(i) tan * 

(ii) tan ^ 

(iii) tan * 


= 0 \ and tan ^ y — O-i- Show that - 1 ^ < 0 \ 4- (h < ^ provided xy < 1. 
|HiT;t: If 0 and < 0 or 0 \ < 0 and O2 > 0, then < 0 \ O2 < since 
*2 2 ' ^ 0-2 2 " 

Suppose 0 ] > (),(?2 > 0. Then xy < 1 => x < ^ or tan^j < • 

Hence, tan/j^i < cot ^2 

Since, VdXxO is incrcfising in the interval ^0, we get ^1 < 2 < 2* 

Since 0 \ -^ 0-2 > 0, we have 4- ^2 < 2’ 1^ ^2 < 0, then <?i 4- ^2 < Ih 

Also xy < 1 ==> tan 6^1 tan^^2 < ^ 
or (— tan(?i)(— tan^^2) < I- 

Hence, tan(— 6^i) tan(— 6^2) < F but — 0 ] > 0 and —O2 > 0. 

Htuice from above, we get T {—O2) < 2 ^ ^ implies the 

result.] 


\ vo^ — J 

(/ 


1 — cos^ 
1 4- cos X / 


(cos , 2 ; 4- sin 


cos X 


f) 

/ 3a^x - x’^ \ 
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MISCELLANEOUS EXERCISES 


1. If X -f y -f z = xyzy prove that 
2x 2y 


2z 


Sxyz 


l-X^ 1 - 1/2 l-z 2 (l-x 2 )(l -y 2 )(l_; 32 )- 

2 . If prove that asin 2a -h 6cos 20? = 6. 

3. If tan(Q: + 0) = n tan(a — 0), show that (n -f 1) sin 20 = (n — 1) sin 2 q:. 

4. If sin a + sin /3 = a, an4 cos a -f cos /3 = fc, show that 

(i) sin(a + /3) = -^^ 

(ii) cos(a + /3) = ^^^. 

5. Solve the equation: cos 0 + cos 20 + cos 30 = 0 

6. If a, /? are two different values of 0 lying between 0 and 27r which satisfy the equation 
6costf + 8sin^ = 9, find the value of sin(a + (3). 

7. If cos“' X 4- cos“* y 4- cos“^ z = n, show that 4- 4- 4- 2iyz = 1 

8. Solve: sin“* x 4- sin~* 2x—^ 

9. In any triangle prove that (a 4- 6 4- c)(tan y 4- tan y) = 2ccot y . 

ABC 
/„ ,L, -•va cot — 4- cot — 4- cot — 

10. Prove that \ v -i n-. - - S ' = -- ^ ^ ■ 

1 


+ + c‘ cot 34 4- cot. 


1 


■3 

o 4- + c' 


11. In a AABC, if c = 60°, then prove that ^ ^ ^ -r 

12. Prove that, in a AABC, A = 4iZrcos y cos y cos 

13. Prove that A = 2i{^sinilsinJ3sinC. 

14. Prove that, in any AABC, ^ i + ^ = 5^- 

15. Over a tower AB of height h metres there is a flag staff BC. AB and BC ate making 
equal angles at a point distant d metres from the foot A of the tower. Show that the 
height of the flag staff is 


h \€^ 


metres. 


16. A tower subtends an angle a at a point A on the same level as the foot of the tower B 
is a point vertically above A and AB is h metres. The angle of depression of the foot 
of the tower measured from B is /?. Show that height of the tower is h tan a cot f3. 
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17. A person observes the angle of elevation of the peak of a hill from a station to be 
a. He walks C metres along a slope inclined at the angle (3 and finds the angle of 
elevation of the peak of the hill to be 7 . Show that the height of the peak above the 
ground is csina (7 — / 3 )/sin (7 "■ 

18. Show that the lines 2x^ + 6 a:j/ 4 -i/^ = 0 are equally inclined to the lines 

4x^-^l8xy-hy^ = 0, 

19. If one of the straight lines given by the equation ax^ + 2hxy -f by'^ = 0 coincide with 
one of those given by alx^ -t- 2h!xy -f Vy^ = 0 , and the other lines represented by 
them be perpendicular, prove that 


holy 
y -a* 


b — a 2 


20. Prove that 


O O^/J _|_ 1 

2 cos 0 - 1-1 
21. Prove that 


= ( 2 cos<?- I)( 2 cos 20 - l)( 2 cos 2 * 0 - 1 ) .( 2 cos 2 "~‘^ - 

.7r.27r.37r.47r 5 

sm ~ sin — sin sin — = — 

5 5 5 5 16 


22 . Solve: sin x -h cosx = y/2co^A. 



CHAPTER 17 


Frequency Tables 


17.1 Raw Data 

Statistics deals with information given in numerical terms, for example, the amount of 
land owned by different peasants in a village, tehsil or district, the monthly wage earned 
by workers in a factory, the number of male and female voters in a constituency, the 
number of people of different religions in a town, etc. 

Such information is collected through censuses and surveys. The Government of 
India, for example, conducts an All India Census every ten years (the last was in 1991) to 
record the actual number of persons alive at a given time, along with their age, sex, occu- 
pation, housing condition, etc. The National Sample Survey (or NSS) is a programme 
of periodically obtaining information, in' which the Government is interested, to help it 
in framing its policies. For example, the NSS may be asked to collect information about 
the extent of unemployment, the requirement for housing, etc. The Ministry of Labour 
conducts family budget surveys to find out how much an average worker’s family has to 
spend to obtain the minimum requirements of food, clothing, housing, education, med- 
ical aid, etc. 'Fhis information is then used to calculate the cost of living index which 
measures the effect of changing prices on the standard of living. 

'The terms census and survey are used to distinguish between two different tech- 
niqin\s of collecting information. The All India Census information about age, sex, edu- 
cation, etc., is obtained about every person alive at that time. It is another matter that 
w<f may not succeed in covering the entire population, but every effort is made to do so. 
The Ministry of Labour does not attempt to contact every working class family to get 
the required information for calculating the cost of living index. Instead, it selects a 
group of workers to represent all the workers and then collects the information on family 
expenses from the workers in the selected group only. 

The term census is used to indicate that information is collected from all the mem- 
bers of the group in which we are ii.lerested. The term survey (or sample survey) 
indicates that the information is collected only from some selected members of the group 
and not from all of them. 

In addition to these two methods, we also come across regular collection and recording 
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of information in a routine m^ner. The Meteorological Department maintains a daily 
record of maximum and minimum temperatures, rainfall, relative humidity, atmospheric 
pressure, etc. This information is used for weather forecasting. The Indian Railways 
keep a daily record of movement of passengers and goods, the income earned through 
fares and freights, etc. The Ministry of Cora^ierce keeps a record of the quantity and 
value of goods imported and exported every iSonth. 

I’hc information collected through censuses and surveys, or in a routine manner, 
is called I'aw data. The word data means information (its exact dictionary meaning 
is : given facts.) The adjective raw attached to it indicates that the information thus 
collected and recorded cannot be put to any use Immediately and directly but has to 
be processed^ that is, converted to a more suitable form, bef<ire it begins to make sense 
to be utilised gainfully. Just as raw rice has to be cooked before it can be eaten and 
digested, the raw data too have to be convcrtcxl into another form before any use can be 
made of it. 

Jake the All India Census, for example. The census enumerators go to every house- 
hold and collect information about all the members. If we are intcn;sted in knowing how 
old the different persons alive at the time of the census were, our raw data com* :ig from 
census records is simply a string of numbers: 11, 3, 42, 37, . . . Each number st. nds for 
the age of a pcrjjon, there being one number for each person alive at the time of the 
census. As per the 1971 census, the population of India exceeds 600 mil lion and so our raw 
data is a string of more than 600 million numbers. In a sense this raw data has all 
the information about the ages of different persons on a given date. In another sense, 
it provides no information at all, because when we look at it we are simply bewildered 
by the very size of the data which has been coll<x:ted. The Registrar General office 
a part of the census organisation — processes this raw data and presents it in form of 
different tables which make it easy to understand the information provided by the raw 
data. One such table is given below. 


TABLE 17.1 

Tkble C-II: Age and Marital Statue (Uttar Pradeah) 


Agi^group 

Tbtal 

Rural 

Urban 

Persona 

Male 

Female 

AH Ages 

T 

88, 341,144* 

47,016,421 

41,324,723 


R 

75,952,548 

40,214,012 

35,738,536 


U 

12,388,596 

6,802,409 

5,586,187 

0-9 

T 

26,105,403 

13,724,165 

12,381,238 


R 

22,626,315 

11,914,955 

10,711,360 


U 

3,479,088 

1,809,210 

1,669,878 

10-14 

T 

10,859,933 

6,061,626 

4,798,307 


R 

9,243,379 

5,195,347 

4,048,032 


U 

1,616,554 

866,279 

750,275 
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Age-group 

Tbta/ 

Rural 

Urban 

Persons 

Male 

Female 

15-19 

T 

7,184,548 

3,978,135 

3,206,413 


R 

5,960,357 

3,293,197 

2,667,160 


U 

1,224,191 

684,938 , 

539,253 

20-24 

T 

6,531,468 

3,246,939 

3,284,529 


R 

5,432,600 

2,633,426 

2,799,174 


U 

1,096,868 

613,513 

485,355 

25-29 

T 

6,474,870 

3,275,180 

3,199,^90 


R 

5,535,799 

2,759,930 

2,775,869 


U 

939,071 

515,250 

423,821 

30-34 

T 

5,910,572 

3,013,133 

2^897,439 


R 

5,106,844 

2,563,939 

2,542,905 


U 

803,728 

449,194 

354,534 

35-39 

T 

5,174,221 

2,719,620 

2,454,601 


R 

4,463,129 

2,322,440 

2,140,689 


U 

711,092 

397,180 

313,912 

40-44 

T 

4,737,880 

2,550,573 

2,187,307 


R 

4,094,263 

2,177,784 

1,916,479 


U 

643,617 

372,789 

270, 828*^ 

45-49 

T 

3,676,085 

1,984,626 

1,691,459 


R 

3,186,065 

1,693,346 

1,492,719 


U 

490,020 

291,280 

198,740 

50-54 

T 

3,598,058 

2,046,915 

1,551,143 


R 

3,141,675 

1,772,218 

1,369,457 


U 

456,383 

274,697 

181,686 

55-59 

T 

2,103,947 

1,125,033 

978,914 


R 

1,853,821 

978,649 

875,172 


U 

250,126 

146,384 

103,742 

60-64 

T 

2,636,013 

1,459,816 

1,176,197 


R 

2,336, 025*** 

1,289,280 

1,046,745 


U 

299,988 

•170,536 

129,452 

65-69 

T 

1,241,876 

681,421 

560,455 


R 

1,103,755 

602,462 

501,293 


U 

138,121 

78,959 

59,162 
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Age~group 

Tbta/ 

Rural 

Urban 

Persons 

Male 

Fbmale 

70+ 

T 

2,099,009 

1,145,516 

953,4S3** 


R 

1,861,574 

1,013,535 

848,039 


U 

237,435 

131,981 

105,454 

Age not 

T 

7,261 

3,723 

3,538 

stated 

R 

6,947 

3,504 

3,443 


U 

314 

219 

95 


Source: Table C-Il, p.48, Census of India, 1971 ( Jttar Pradesh), series 21, 

part Il-C(ii) 

Sprinted as 88,319,144 
^'printed as 270,823 
*** printed as 2,136,025 
*••• printed as 953,423 

Table 17.1 gives the total population of Uttar Pradesh as 88,341,144 of which 47,016,421 
(53.2%) are males and 41,324,723 (46.8%) are females. Nearly 86% (75,952,548/88,341,144) 
of the population, lives in rural areas and only 14% arc in urban areas. 

The number of persons falling in different age-groups, that is, with age between 0 to 
9 years, between 10 years and 14 years, and so on, are shown separately. At the end of 
the table we have the number of persons whose ages were not properly recorded at the 
time of the census. The total of such persona ls 7,261, that is merely 0.008% of the whole 
population which shows the care and pains taken to record the information at the t me 
of the census. 

Compared to the raw data on ages, this table provides a very clear picture. We see, 
after making some calculations, that 57,156,222 persons (64.7%) are below 30 years in 
age and 11,678,903 (13.2%) are 50 years or more in age. We can also obtain from the 
table the percentage of persons belonging to the different age-groups, that is the age- 

distribution of the population, the sex-ratio (ratio of female to males) in the different 

* ^ ' 13 724 165 

age-groups, and so on. For example, xut of all the males 47* 016^421 ~ 29% are in the 

age-group fr-9, 13% in the age-group 10-14, and so on; the ratio of females to males in 

the age-group 30-34 is 2 ' 5^' 9^ ~ *’“*'^* areas, and 79% in urban areas, and so 

on. ’ 

The table as published by the census authorities had some printing errors. We have 
corrected the errors and given the corrected values in the table. The original values 
which were in error are given at the foot of the table. Can you see how these errors were 
discovered and corrected. 

As another example, take a look at the table below which gives the death rates for 
males and females, separately and considered together, in different age-groups. 

These de^th rates are obtained by taking the ratio of the number of persons in a given 
age-group dying during a year to the total n\unber of persons of that group alive at the 
beginning of the year. (The actual procedure is slightly different but the essential idea 
is the same). The ratio is not expressed as a percentage (i.e. per 100 of the population 
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above) but per 1000 persons alive. Thus the figure 44.2 at the top of column (2) states 
that out of 1000 males in the age-group 1-4 years alive at the beginning of the year, 44.2 
had died by the time the year ended. Most demographic ratios (death rates, birth rates, 
etc.) are presented in this manner in terms of 1000 units in the denominator and not as 
F>ercentages. The death rate 44.2 would, when expressed as a percentage, become 4.42. 


TABLE 17.2 

Age-Mx-Spedfic Death Ratei Sn Rural lodia (1980) 
( Bihar and Wcat Bengal are excluded) (per*000 populatSo n) 


Age-Groups 

Males 

Females 

Both 

0) 

w 

(3) 

(4) 

1- 4 

44.2 

48.1 

46.1 

5- 9 

3.6 

4.5 

4.0 

10-14 

1.8 

1.8 

1.8 

15-19 

2.1 

3.3 

2.7 

20-24 

2.5 

4.1 

3.3 

25-29 

2.3 

4.6 

3.4 

30-34 

3.5 

3.9 

3.7 

35-39 

. 5.0 

5.0 

5.0 

•40-44 

7.3 

5.8 

5.60 

45-49 

9.7 

7.7 

8.8 

50-54 

15.1 

10.9 

13.1 

55-59 

22.0 

17.3 

19.8 

60-64 

35.9. 

28.4 

32.2 

65-69 

62.2 

43.2 

52.6 

70-1- 

100.6 

87.8 

94.0 

All ages 

13.5 

13.6 

13.5 


^ Source: Health Statistics of India, 1980 (taken -from Thble 8.14, Rural De- 

velopment Statistics, NIRD Hyderabad, 1985, pp.309-10) 

Columns (2) and (3) give the death rates for males and females respectively, and 
column (4) gives the death rates for males and females taken together. Incidentally, 
there is some error in the values given in the. row marked with an asterisk(*). Can you 
see why the values as given cannot be correct? 

The raw data for this table would have consisted of a record of all persons alive at 
the beginning of the year with their sex and age, rand a record of all deaths during the 
year with the sex and age at death. The raw data presented in the form of the table 
brings out certain interesting features which could not have been noticed examining 
the raw data alone. 

When we look at the male and female death rates for the whole population (in the 
row corresponding to *all ages’) we jflnd that the two are not very different. If we had 
only this information we could have concluded that the chances of djring during the year 
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are the same for males and females. But when we look at the death rates for different 

ag®"group8 (i.e., the age-specific death rates) we find that the reality is quite different. 

We find that the death rate for women is more than that of men in age-groups 1-4 and 

I 5-9, and become equal for age-group 10-14. The death rate for women is again higher in 

age groups 15-19, 20-24, 25-29, 30-34 and then is lower than that for men in age-groups 

of 40 and above. Can you think of any reasons why it is so? 

• 

17.2 Variables of Observation 

If we look at the Census example we find that for r ach person wc have recorded the 
age and sex, and whether the person belongs to a ruial r urban area. Wc say that we 
have taken observations on three variables: age, sex ar. place of residence. The term 
variable thus stands for what is being observed. It is callc» a variable because the results 
obtained after observing it are different for different per.*=‘i.ns. Thus one person may have 
age 11, another 34, and so on. We say that 11,34, . . . ai j the values of the age- variable 
for these persons. Similarly, the values of the sex variable are ‘male* and ‘female*. Now, 
the age variable can take any one of the values 1,2,3 . . ., though we may not be able 
to observe all of them, for, there may be no person with age 3 in the population at a 
given time. Similarly, if there arc only males in a group which is being observed, only 
the value ‘male’ of th? sex- variable will app>ear in our records. But when we think of the 
sex-variable as such we know that the value ‘female* can also occur. In view of this we 
make a distinction between the observed values and the possible values of a variable. 

A variable is completely described by its descriptive name and the description uf all • 
the values it can possibly take. Usually only the name of the variable is given, its possible 
values being clear from the context. 

In the census example we had another variable called ‘place of residence’ and its 
possible values were taken as ‘rural* and 'urban*. The values of this variable could also 
have been recorded as the name of a state, district, city, village, etc. Thus two variables 
may have the same name but the sets of possible values may be different for them. We 
regard two variables as different if their sets of possible values are different, even if they 
have the same name. 

17.3 Qualitative and Quantitative Variables 

In the census example, the vrlues of the age- variable were numbers, those of the sex- 
variable were not numbers but the names 'male* and ‘female* describing a certain type 
or quality. Similarly, the variable called 'place of residence* also did not have numbers 
as its possible values, but the names 'rural* and 'urban*. 

Variables of observation with numbers as possible values are called quantitative 
variables: those with names of things, places, attributes, etc., as possible values are 
called qualitaiive variables. A word of caution is necessary herfe. The possible values 
of the sex-variable could have been recorded as 1 and 2 (1 standing for 'male*, 2 for 
'female’). The recorded values of this variable would then appear as numbers but that 
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does not make the variable a quantitative variable. What is required for a variable to be 
called a quantitative variable is not the mere fact that its values are recorded as numbers, 
but that they are really numbers on which arithmetic operations can be meaningfully 
carried out. For example, it makes sense to talk of the sum, product and difference of 
two ages: but to talk of the sum of ‘male* and ‘female’ values fnakes no sense even if they 
have been recorded as 1 and 2. 

Age, height, area of a plot of land, weight of a basket of fruit, income of a worker, 
price of wheat, etc., are examples of quantitative variables. Examples of qualitative 
variables are sex, religion, caste, colour of hair, etc. 

17.4 Units of Observation 

We have explained above that a variable can take different values all of which may or 
may riot be actually observed in a given situation. Each recorded or observed value of 
a variable is associated with a person, place, object, etc. Thus each recorded value of 
the age-variable refers to a particular person, each recorded value of land area refers to 
a particular plot of land, etc. Hence, in each case we have to clarify what each recorded 
value of a variable refers to or is associated with. The term unit of observation will be 
used to describe what the values of a variable are attached to. If we have the record of 
the results of a particular examination, the variable of observation could be the marks 
obtained (a quantitative variable) and the corresponding units of observation would be 
the students who had appeared in that examination. Each recorded value of the variable 
would then refer to a particular student. 

In the census example, the units of observation are the persons alive at the time of 
the census and to each unit of observation we associate the value of three variables: age, 
sex, and place of residence. Thus different variables of observation may be associated 
with the same unit of observation. 

1 17.5 IVequency Tables (or Frequency Distributions) 

The frequency table is one of the important methods to present raw data in a form 
suitable for making the information contained in the raw data easily understandable. 

We start with an example of a frequency table taken from the published results of the 
All India Agricultural Census conducted some years ago. We know that different persons 
own and cultivate different areas of land^some have more land than others, some have 
less. The Agricultural Census was carried out to obtain, besides other information, a 
fairly complete picture of the differences in size of land holdings in agriculture. For this 
purpose the Agricultural Census recorded the total land area which was in use wholly 
or partly for agricultural production and was operated as a single technical unit. Thus 
a holding of, say, one hectare in the Census records does not necessarily mean one piece 
of land (or a single field) measuring one hectare in area; it could also consist of more 
than one piece of land with the total area of all the pieces being one hectare. The raw 
data in this case would again be unintelligible but, presented in the form of Table 17.3, 
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TABLE 17.3 

Number and Area of Holding by Si», Claw at HoldingB, Uttar Piadwh (Phlm) 


SL No. 

Size-clAss 

Tbtal 

Holdings 




(in hectares) 

No. 

Area 



1 

2 

3 

4 

3(a) 

4(a) 

1 . 

Below 0.5 

7116591 

1521670 

46.9 

8.6 

2. 

0.5-1.0 

2986638 

214.3859 

19.7 

12.1 

3. 

1. 0-2.0 

2591431 

3642575 

17.1 

20.5 

4. 

2.0-3.0 

1089301 

26.32107 

7.2 

14.8 

5. 

3.0-4.0 

533765 

1829241 

3.5 

10.3 

6. 

4.0-5.0 

300480 

133.3858 

2.0 

7.5 

7. 

5.0-10.0 

428585 

2856156 

2.8 

16.1 

8. 

10.0-20.0 

94727 

1230970 

0.6 

6.9 

9. 

20.0-30.0 

11752 

278311 

0.1 

1.6 

10. 

30.0-40.0 

3198 

108131 

0.02 

0.6 

11. 

40.0-50.0 

1058 

46710 

0.007 

0.3 

12. 

50.0 and above 

1406 

138150 

0.009 

0.8 


Total 

15158932 

17761738 

99.936 

100.1 


1. Columns 1 to 4 have been taken from 'Ibble III-I, Apn'cuituml Census in Uttar Pradesh, 1970-71, 
Board of Revenue, U.P., Lucknow, p. 126 

2 Columns 3(a) and 4(a) are percentages obtained from columns 3 and 4, respectively 

it presents a very clear picture about the amount of agricultural land held by different 
persons. 

In the second column of Table 17.3 we have the values of the variable: ‘amount of 
land’ divided into 12 classes (or groups). In the third column we have the number of 
farmers who were cultivating land with total area falling in a given class. Thus, 7,116,591 
farmers cultivated land which was less than 0.5 hectares in area. Next came 2,986,638 
farmers whose cultivated land had area between 0.5 and 1 hectare. Columns 2 and 3 of 
this table constitute a frequency table. We ignore the other . columns for the present. 

There are two steps in drawing up a frequency table from raw data. The first step is 
to use the possible values of a variable of observation (land area) to define a number 
of classes. The second step is to count the number of units of observation (fanners) 
for which the values of the variable fall in a pven class and to write down this number 
against the class. The number against each class is called the frequency of that class, 
and the total of all frequencies is called the total frequency. The total frequency is 
simply the number of all the units of observations for which we have riM»rded the value 
of the variSible of observation. 

A frequency table can then be described by giving the variaUe and the units of 
observation. The description is briefly conveyed by the title. For exaiiq>le, the frequency 
formed by ^^nlumna 2 and 3 of the table firom the Agricultural Census would have 
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as its title: Frequency table of farmers by size of land cultivated. 

The frequency table simply breaks up, or distributes the total frequency into the 
different classes of the table defined by means of the values of the variable of observation. 
For this reason we also use the term “frequency distribution” in place of “frequency 
table”. The use-.of the word “table” draws attention to the form in which the raw data 
has been presented, whereas the word “distribution” emphasises that the total frequency 
has been divided into the frequencies of the different classes. 


Care has to be taken while dividing the possible values of the variable into classes to 
form a frequency table to ensure that no possible values b<ilongs to more than one class, 
and that every possible value belongs to some class or the other. If any value belongs 
to more than one class, the corresponding unit of observation would then be counted 
in the frequency of more than one class, so that the total frequency in the table would 
become more than the total number of units of observation. Again, if any value is left 
out, that is, does not belong to any class in the table, then a unit of observation having 
that value of the variable would not be counted in any of the class frequencies and the 
total frequency would be less than the total number of units of observation. 


It should be kept in mind that the classes of a frequency table can consist, of single 
values of the variable also; they need not always consist of more than one value. 


If we look again at the frequency table of land holdings we find that the classes as 
stated appear to overlap with some values belonging to more than one class. Thus, the 
value 4.0 appears in the class 3.0 - 4.0, and also in the class 4.0 - 5.0. It would thus 
seem that the classes of the frequency table have not been defined correctly. However, 
4 closer look at the table shows that this is not the case. The starting cla.ss has been 
di fined as less than 0.5 hectares, and the class at the end is defined as ‘50 hectares and 
abovc\ We can thus conclude that the classes 0.5- l.O, 1. 0-2.0 .... etc., really stand for 
“0.5 hectares and above but less than 1.0 hectares”, “1.0 hectares and above but less 
than 2.0 hectares”, and so on. With this explanation we find that the classes of the 
frequency table have been defined properly. 

As another example we construct a frequency table of the population of Uttar 
Pradesh by age from the census table given earlier. The division into classes by age 
is already given in it, the different classes being 0-9, 10-14, 15-19, ..., 65-69, 70 and 
above. Against each class we write the number of persons of that age from the column 
“persons” and in the row marked “T” the total population is 88,341,144. However, the 
ages of 7,261 persons are not known. Hence, we take the total frequency as 88,341,144- 
7,261 = 88,333,883 to get the frequency table (Table 17.4). 
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TABLE 17.4 

Ftequency T^ble of Inhabitants of Uttar Pradesh by A^ (1971 Census) 


Age 

Frequency 

% 

0-9 

26,105,403 

29.5 

10-14 

10,859,933 

12.3 

15-19 

7,184,548 

8.1 

20-24 

6,531,468 

7.4 

25-29 

6,474,870 

7.3 

30-34 

5,910,572 

6.7 

35-39 

5,174,221 

5.9 

40-44 

4,737,880 

5.4 

45-49 

3,676,085 

4.2 

50-54 

3,598,058 

4.1 

55-59 

2,103,947 

2.4 

60-64 

2,636,013 

3.0 

65-69 

1,241,876 

1.4 

70 and above 

2,099,009 

2.4 

Total 

88,333,883 



The first two columns constitute the frequency table. In the third column we have ex- 
pressed the frequency of each class as a percentage of the total frequency. The usefulness 
of this column will be discussed later. 

In this table too the division into clas^ does not seem to have been properly done. 
Though the classes do not overlap, that is, any two classes do not have a common value, 
yet some possible values of the variable are not included in auy class. For example, the 
beginning class 0-9 ends at 9 and the next class starts with the value 10. Thus the ^es 
between 9 and 10 years are in neither of the two classes. However, we know that in 
census records the age of a person is recorded in completed years, so that, persons who 
have completed 9 years of age but are still below 10 years in age will be shown to have 
age 9 years. The class 0-9 therefore includes all people below 10 years of age and really 
stands for “Below 10 years”. Similarly, the class 10-14 stands for “10 years and above 
but below 15 years” . With this interpretation the frequency table is seen to have been 
correctly made. 

It should have been clear by now that one may come across cases where the cla^s 
of a frequency table appear to overlap, or exclude some possible values of the variable. 
But the classes are seen to be properly defined if a certain rule of interpretation of the 
values belonging to a class is followed. The rule is either stated clearly or, is evident 
from the context, or from the manner in which the values of the variable are recorded. 

We can obtain many more frequency tables for the census data table, such as 

>(i) frequency table of urban males by age. 
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(ii) frequency table of inhabitants by place of residence, 

(iii) frequency table of rural inhabitants by sex. 

Can you make these and other possible frequency tables ^ourself ? Make note that 
while using sex or place of residence as the variable the total frequency will be the 
total number of persons in the census table. The number of persons in the category 
*Age not stated’ at the end of the table will not be subtracted in this case. 


17.6 Construction of IVequency Tables from Raw Data 

The construction of a frequency table from given raw data is most conveniently done by 
the use of the method of tally marks. Suppose we have the following raw data giving the 
ages of 50 p>ersons. 


43, 17, 27, 2, 19, 63, 84, 9, 11, 31, 
22, 19, 44, 43, 6, 14, 71, 58, 39, 27, 
1, 25, 36, 64, 42, 51, 40, 18, 19, 17, 
63, 40, 26, 37, 11, 16, 21, 47, 68, 70, 
21, 22, 46, 35, 23, 14, 50, 48, 61, 5 


Let us divide the ages into the following classes: 0-9, 10-14, 15-19, 20-24, 25-29, 
30-34, 35-39, 40-44, 45-49, 50-54, 55-59, 60-64, 65-69, 70-(i.c., 70 or more). 

I The first column of our frequency table will show these groups. We now look at the 
first value recorded in our raw data. It is 43 and falls in the class 40-44. In the row 
corresponding to this class we make a mark '|’ in the second column of the table entitled 
‘tally marks’. The second value in the raw data is 11 and for it we make the mark ‘|’ 
in the row corresponding to the class 10-14. By the time we have covered the first 26 
values of the raw data, ending at 51, (here will be four tally marks for the class 40-44 
corresponding to the values 43, 44, 43, 42. These four tally marks will appear as ‘||||’ in 
our table. The 27th value in the raw data is 40 and it also gives a tally mark in the class 
40-44. This fifth tally mark will be entered as^[|||'by crossing diagonally the four tally 
marks already entered there. Thus every fifth tally mark in a class is entered by crossing 
diagonally the four tally marks preceding it. If there are 13 tally marks in all in a class 
they will appear as ‘|]f| [j{| |||’. This method of recording tally marks makes counting 
the total number easier. The total number of tally marks of each class is then entered 
in the third column and gives the frequency of that class. Thus, our frequency table will 
finally look like this: 
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TABLE 17.5 


Variable 

7k/iy Marks 

fVequency 

0-9 

M 

5 

10-14 

illl 

4 

15-19 

m\\ 

7 

20-24 

m 

5 

25-29 

nil 

4 

30-34 

1 

1 

35-39 

III! 

4 

40-44 

uni 

6 

45-49 

III 

3 

50-54 

II 

2 

55-59 

1 

1 

60-64 

nil 

4 

65-69 

1 

1 

70- 

III 

3 

Total 


50 


17.7 Relative frequency Table 

As we have explained earlier the frequency of any class in a frequency table is the num- 
ber of units of observation for which the values of the variable belong to that class. 
Sometimes, this number (i.e. frequency) is expressed as a fraction of the total frequency 
and the fraction so obtained, usually expressed as a percentage, is called the relative 
frequency of the class. The relative frequencies in a frequency table make it easier to 
understand and assimilate the information, particularly, when the class frequencies are 
large. 

For example, if we look at the Frequency Table 17.4 in which the numbers of persons 
belonging to different age-groups are given, the individual class frequencies are so large 
that we cannot m^e comparisons between different age groups easily. If, however, we 
look at the relative frequencies we see that almost a third (29.5%) of the population is 
below 10 years in age. We also notice that persons of age 55 years or more constitute 
only about one-tenth (2.4 -H 3.0 -I- 1.4 -i- 2.4 = 9.2%) of the total population. It is also 
clear that the number of persons of age 35 or more (28.8%) is nearly equal to the number 
of children of age less than 10 years, and this fact cannot be noticed so easily if one looks 
at the actual frequencies. 

Similarly, if we look at the relative frequencies in the frequency table of land-holding 
given in column 3(a) of Table 17.3 certain interesting features stand out much more 
clearly as compared to the table of actual frequencies. For example, though there are 
persons owning more than 50 hectares of land their number is very small, just about 
.01%. Majority of persons own small pieces of land; nearly half (46.9%) own less than 
half a hectare of land, and two-thirds (46.9 + 19.7 = 66.6%) own less than one hectare 

of land. 
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You may have noticed that the total of relative frequencies, which should be ex- 
actly 100 in theory, is more than 100 (=100.1) in the census example, and less than 
100(=99.936) in the land-holding example. This is really not as surprising as it may 
appear at first; the difference from the theoretical value of 100 arises due to the fact that 
percentages given there are not exact but close approximatipns of the exact value. In | 
the census frequency table the percentage 29.5 stands for | 


26105403 

88333883 


X 100 = 29.553... 


and' is thus less than the true value. Similarly, for the age-group 40-44 the relative 
frequency 5.4% stands for 


4737880 

88333883 


100 = 5.363 


and is therefore, more than the true value. While calculating the percentages we have 
rounded off the percentage due to which some percentages are more and some less than 
the exact percentage w that the total of all percentages will mmetimes be more, and 
sometimes less than 100. Can this total be sometimes equal to 100 also? 

Relative frequencies are also very useful when we have to compare two or more 
frequency distributions. For example, supp>ose the ages of the inhabitants of two villages 
result in the following frequency distributions, where the relative frequencies are also 
shown. 


TABLE 17.6 


No. of inhabitants 

Age-group Village A Village B 

Relative frequency (%) 

Village A Village B 

0-5 

18 

35 

12.6 

15.3 

5-10 

26 

38 

18.2 

16.7 

10-20 

25 

40 

17.5 

17.5 

20-30 

29 

32 

20.3 

14.0 

30-40 

21 

27 

14.7 

11.8 

40-50 

14 

23 

9.8 

10.1 

50-60 

6 

18 

4.2 

7.9 

60-80 

4 

15 

2.8 

5.6 

Total 

143 

228 

100.1 

99.9 


The relative frequencies express the frequency of any class as a percentage of the total 
frequency. Thus for village A, the relative frequency of the 0-5 class is x 100 = 12.6, 

while for village .6 it is x 100 = 15.3. 
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When we look at the frequencies of the different agc-grpups of the two villages, we 
cannot easily see if the two are similar or different. We cannot, for example, find out easily 
if one village consists mostly of younger or older people as compared to the other. When 
we examine the relative frequencies, we can quickly discern some interesting features. 
Village B has a higher proportion of children in age-group 0-5. If we look at age-groups 
5-10 and 10-20 taken together, wc find that the proportion of inhabitants of ages from 5 
to 20 years (18.2 -f 17.5 = 35.7%) in village A is almost the same as the proportion of such 
persons (16.7 -h 17.5 = 34.2%) in village B. As we go down the relative frequency table, 
we see that village A has a higher proportion of persons with ages from 20 to 40 years 
than village B. The proportions for them being 35.0% (20.3 -1- 14.7) and 25.8% (14.0 -h 
11.8) respectively. Consequently, the proportion of older persons with age ranging from 
40 to 80 years is more in village jB (10.1 -h 7.9 -I- 6.6 = 24.6%) than in village A (9.8 -f 
4.2 -h 2.8 = 16.8%). 

It must be noted that for comparing two frequency distributions by means of the 
relative frequencies, the variable as well as the division of the values of the variable into 
classes, must be the same for both distributions. 

17.8 Graphical Presentation of Frequency Distributions 

The main features of a frequency distribution are conveniently communicated by repre- 
senting the frequency distribution in the form of a diagram, since a diagram is more easily 
and more quickly understood < than a collection of numbers. Diagramatic presentation is 
particularly useful when the number of classes or the class frequencies in a frequency 
distribution is large. 

There are various methods of graphical prcscuitation of frequency distributions which 
are in use. Wc shall only discuss two of them, viz., the bar diagram and the pie diagram. 

Consider the example of the frequency distribution by age of inhabitants of village 
A which we introduced while discussing the use of the concept of relative frequency. The 
bar diagram for this frequency distribution is shown in Fig. 17.1. 

To draw the bar diagram we mark equal lengths for the different classes on the 
horizontal axis. Notice that the same length is used for every class even though different 
classes have different age ranges. Some span a period of 5 years, some 10, and the last 
one spans a period of 20 years. On each of these lengths on the horizontal axis we erect 
a rectangle whose height is proportional to the frequency of the class represented by 
the base. We thus get a number of “bars” which give the diagram its name. We could 
also make the heights of the rectangles proportional to the relative frequencies to get the 
bar diagram of the relative frequency distribution. In fact, only a single bar diagram 
has to be drawn which serves both for the frequency distiibution as well as the relative 
frequency distribution. The scale on the vertical axis indicates whether the bar diagram 
represents the frequencies or the relative frequencies. In Fig. 17.1, we have shown the 
scale for the frequencies on the left, and for the relative frequencies on the right. 

If we have two frequency distributions with the same classes we can represent both 



No. of 



Relative nequcflcy 
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on the same bar diagram. For example, if we have the distributions by age of village 
A and villageJS in the example mentioned above, we can represent the two frequency 
distributions in the same diagram as shown in Fig. 17.2. The vertical scale for the 
frequencies is shown on the left. 

However, we cannot represent the two frequency distributions as well as their relative 
frequency distributions in a single diagram as we were able to do for a single frequency 
distribution. If we are interested in comparing graphically two frequency distributions 
with the same classes, we have to represent their relative frequency distributions in a 
single diagram. This has been done for our example in Fig. 17.3 in which the vertical 
scale now represents the relative frequency percentages. 

In the pic diagram^ which should be used for representing relative frequency dis- 
tributions only, the relative frequencies are represented by sectors of a circle. We start 
with a circle of arbitrary radius and then draw radii from the centre to the circumference. 
In this way the circle is divided into as many parts as there arc classes in a frequency 
distribution. The area of each sector is proportional to the relative frequency of the class 
represented by the sector. 
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Fig 17.3 
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We take again the example of village A, There arc eight classes, and the relative 
frequencies (expressed as percentages) aic 12.6, 18.2, 17.5, 20.3, 14.7, 9.8, 4.2 and 2.8. 
The pic diagram for this relative frequency di.stribution is shown below: 

We start by drawing a radius OA, This is followed by drawing the radii OBy OCy . . . 
so that the area bf the sector AOIi is proportional to *12.6, that of .sector BOC is 
proportional to 18.2, and so on, till all the radii are drawn to divide the area of the 
circle into eight sectors. ' We know from our knowledge of geometry of the circle that 
the area of any sector is proportional to the angle subtended at the centre by its arc. 
Hence, what we require is that the angles AOBy BOC be proportional to 12.6, 18.2, . . . 
respectively. Since, the total of all the eight angles at the centre is 360®, the eight angles 
arc determined by dividing 360® into eight parts in the proportion 12.6 : 18.2 : 17.5: . . . 


4.2 : 2.8. Hence, 




LAOn = 

12.6 X 360 
100.1 

= 45.3“ 



Lnoc = 

18.2 X 360 

— TCin — 

= 65.4“ 

/ \% 


LCOD 


= 62.9“ 



LDOB 

\\ 


= 73.0“ 



LBOF 


= 52.8“ 

/ V 


' IFOG 


= .35.2“ 

^ ' 
\ y \ 

vj 1 

\ V ^ / 

\\^ 

IGOII 

illOA 


= 15.1“ 

= 10.0“ 


Fig. 17.4 f)isuihiiti<ni ptipulation of village A in various agc>gr<>ups 

The pie diagram can be easily drawn when these angles have been obtained. 

17.9 Measures of Location and Dispersion 

So far we have discussed the presentation of raw data in a form suitable for communi- 
cating the information contained in it, and have studied the use of the frequency table 
for this purpose. 

In the case of quantitative variables the information contained in the raw data, or 
in the associated frequency table, can also be summarised by means of a few numerical 
values. Such a summary is partly provided by what are called measures of location 
(also called measures of central tendency) and measures of dispersion, 

17.10 Measures of Location 

The two most commonly used measures of location are the arithmetic mean (or the 
mean in short) and the median. The mean and the median lie between the largest 
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and the smallest of the observations, and are, therefore, also called measures of central 
tendency. J3oth can be said to lie, in some sense, at the centre of the observations. But 
the precise meaning of the centre is, as we shall st^e, different for the mean and the 
median. 

(a) The Arithmetic Mean 

'The arithmetic mean of a given set of observations is simply the average of all the values 
of the variable recorded in the raw data. 'The raw data from which we constructed the 
frequency table by the method of tally marks consistctl of the ages of 50 persons. The 
mean of these 50 values is given by 

43+17-F27-f ...4' 48 + 61 + 5 1686 

= 33.72 

50 50 

VVe say that the mean age of the 50 persons is 33.72 years per person. Note that we 
do not simply say that the mean age (or mean) is 33.72 but also mention the unit of 
measurement in which the quantitative variable has been measured (here it is years) as 
well as the units of observation (here persons) ,from whom the observations have come. 
Ill the same way, if the average marks of a class of students equal 47.5, we will say that 
the mean is 47.5 mij-rks per student. 

The general dehnition of the arithmetic mean is as follows: 

Definition: The arithmetic mean of the values Xi,X2, . . . ,x„ of a variable recorded for 
n units of observation is defined as ^ ^ per unit of observation. 

n 

The expression Xj + . . . + x^ is usually denoted by ^2 iP^ simply J^Xj), and the 

i^i 

1 " 

mean, denoted usually by x. Therefore, x = ^ 

The mean provides a summary of the information contained in the raw data xiy . . , Xn. 
Being a summary it does not conmiunicate all the information in the raw data. If we 
know X, we cannot say anything about the actual values Xj, X2, . . . , x„. But, if with x 
we also know the value of n, we can obtain the total of all the values xj, . . . , x^, which 
from the definition of x can be seen to be equal to nx. We also know that some values 
are more and some less than x. Thus, in some sense, x lies at the centre of all the values. 
FVom the definition of x we get 


- i) = 0 i.e. 

«=i 


- x) 4- (®a — + • • • + (®n ~ ®) = . 


Thus, some values Xj — x must be positive slid some negative, otherwise the sum 
would not be zero. 
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If we add all the positive Xi — x and all the negative x, — x, these two sums will 
have the same magnitude but will have different signs, so that their algebraic sum is 
zero. When we say the x lies at the centre of all the observations, we are simply saying 
that the sums of the positive x, — x and the negative Xi — x have the same magnitude, 
and the algebraic sum is zero. In this case being at the ceqtre does not imply that half 
the observations are more than x and half are less than it. For, it can happen that 
x^ — X is positive for a small number of observations and negative for a large number, or 
vice-versa. 

Calculation of Arithmetic Mean from Frequency Tables 

Suppose we have the following frequency table of families by the number of children in 
which each class of the frequency table is defined by a single value of the variable of 
observation. 

TABLE 17.7 


No. of children 

Frequency 

0 

43 

1 

55 

2 

60 

3 

64 

4 

48 

5 

34 

Total 

304 


The table tells us that the number of children in each of the 304 families being 
studied was recorded, and it was found that 43 families had no children, 55 had only 1 
child, and so on. There are thus 304 values of the variable which have been observed 
and the value 1 occurs 55 times, 2 occurs 60 times, and so on. To get the mean of these 
304 values, we have first to add all of them. That sum is most conveniently obtained by 
using multiplication and is given by 

(0 X 43) + (1 X 55) -h (2 X 60) -f (3 x 64) -f (4 x 48) -f (5 x 34) = 729 

Thus the mean is = 2.4 (approx.) children per family. 

In general, if the values in the different classes of the frequency table are xi, . . . , Xm 
and the frequencies of /i, . . . , /m» the mean will be given by 

m 

E/- 

1=1 


X = 
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TABLE 17.8 


VariabJe 

Frequency 

f 

Mid-vulue 

X 

f.x 

Below 0.5 

7,116,591 

0.25 

1,779,147.75 

0.5- 1.0 

2,986,638 

0.75 

2,239,978.50 

1.0 - 2.0 

2,591,431 

1.50 

3,887,146.50 

2.0 - 3.0 

1,089,301 

2.50 

2,723,252.50 

3.0 - 4.0 

533,765 

3.50 

1,868,177.50 

4.0 - 5.0 

300,480 

4.50 

1,352,160.00 

5.0 - 10.0 

428,585 

7.50 

3,214,387.50 

10.0 - 20.0 

94,727 

15.00 

1,420,905.00 

20.0 - 30.0 

11,752 

25.00 

293,800.00 

30.0 - 40.0 

3,198 

35.00 

111,930.00 

40.0 - 50.0 

1,058 

45.00 

47,610.00 

Total 

15,157,526 


18,938,495.25 


Consider next the frecjuency table of farmers by the area of land held, given earlier. 
Here the classes are no longer defined by single values;, class consists of many values 
of the variable. In such a case, we cannot determine value of the mean because 

all the values of the variable are not known exactly. what one tries to do is to get 
an approximate value of the mean. The method of aipproximation is to replace all the 
observed values belonging to a class by the mid-value of that class and then use the mid- 
value to determine the mean. In this particulfigr example we are faced with a difficulty 
as the last class is defined as “50 hectares and above” so that its mid- value cannot be 
obtained. So we ignore this class, and use the remaining classes only to illustrate the 
method. 

The calculations are presented as follows by adding two more columns to the fre- 
quency table for the mid-value and the product of the mid-value and the frequency. 

What we have done is to treat each class as defined by a single value, the mid-value 
of that class, and then followed the method applicable to such frequency tables. 

The approximate value of the mean is given by 

18,938,495.25 ^ ^ 

X = — hectares per cultivating unit. 

15,157,526 

= 1.249 hectares per cultivating unit. 

= 1.25 hectares (approx.) per cultivating unit. 

EXERCISE 17.1 
1 1. Prove that (a?i — x) + (x 2 — 4- . . . -f (x„ — x) = 0 

i wherex= ^1-^^^-i;--^- ^ 
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2. (a) The marks obtained by 20 students in a test were 

13, 17, 11, 5, 18, 16, 11, 14, 13, 12, 18, 11, 9, 6, 8, 17, 21, 22, 7, 6 
Find the mean marks per student. 

(b) If extra 5 marks are given to each student, show that the mean marks are also 

increased by 5. ' 

(c) If 2 marks are deducted for each student, show that the mean marks are also 
reduced by 2. (See question 3 for the reason). 

3. U X is the mean of xi,X2, . . .^Xn, show that the mean of x\ -f a, x-2 -fa,., .^n -f a is 
X -f a, where a is any number, positive or negative. 

4. (a) If all the marks in 2(a) are doubled, show that the mean value is also doubled, 
(b) The postal expenses on the letters despatched from an office on a given day 
resullcd in the following frequency distribution: 


Postage 

(p) 

No. of letters 

15 

47 

30 

33 

35 

56 

60 

41 

70 

25 


r^'ind the mean postage per letter. Convert the postal charges in rupees and then 
calculate the mean postage per letter. 

5. If X is the mean of .Xj , X 2 , . . . , x„, show that the mean of aX], 0 x 3 , ox^ . . . , ax„, is ax, 
where a is any number different from zero. 

f 6 . 'The mean age (in years) per student and the number of students in each of the four 
clas.ses of two primary schools are given below: 



School A 

No. Mean age 

School B 

No. Mean age 

Class I 

6 

6.2 

25 

7.1 

Class II 

10 

7.5 

32 

8.4 

Class III 

28 

8.6 

12 

9.2 

Class IV 

30 

10.0 

4 

10.7 


'a) Obtain the mean age per student for the two schools. 

h) In each class, the mean age of students of school A is less than that of students 
n the same class of school B. But we find that the mean age per student for the 
whole school is more for 'school A than for school B. Why? 
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7. The ages of all the male inhabitants of a village were recorded and the following 
frequency table was obtained: 

Age No. of persona 
(Years) 

0-5 12 

5-10 18 

10-20 16 

20-30 19 

30-40 14 

40-50 11 

50-60 4 

60-80 3 

Obtain the mean age per male inhabitant. 

8. The measurement.s (in mm) of the diameters of the heads of 107 screws gave the 
following frequency table: 

Diameter FVetjuenry 

:i3-35 17 

36-38 19 

39-41 23 

42-44 21 

45-47 27 

Calculate the mean head diameter per screw. 

(b) The Median 

The median is also a value lying at the centre of all the observations but in a different 
sense as compared to the mean. In the case of the median the number of values which are 
more than the median equals the number of values which arc less than it. For example, 
suppose the values of the variable are 

15, 5, 7, 3, 11, 28, 9, 43, 28, 17, 31 

Then five values (3,5,7,9,11) are less than 15, and five values (17, 28, 28, 31, 43) are more 
than it. Thus we can say that 15 is the median (or median value) of the given set of 
values. 

In the above example, the number of values was 1 1, an odd number, so that one could 
obtain 5 values more and 5 less than the value at the centre. Let us see what happens 
when the total number of observations is an even number. For example, let the values be 

15, 5, 7, 3, 11, 16, 28, 9, 43, 28, 17, 31. 

Suppose we count for each value, starting with the smallest, the number of values which 
are more than it and the number of values which are less. We obtain the following table. 
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TABLE 17.9 


Value (x) 

3 

5 

7 

9 

11 

15 

16 

17 

28 

31 

43 

No. of values 

< X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

10 

11 

No. of values 

> X 

11 

10 

9 

8 

7 

6 

5 

4 

2 

1 

• 

0 


In this case, we do not find any value which is such that the number of values more 
than it equals the number of values less than it. One could however agree to call the 
values 15 and 16 as coming nearest to the dehnition of median. Also, if we take the 
number 15.4, which is not an observed value, it could be called the median as it has 
exactly 6 values more and 6 less than it. But then any number between 15 and 16, say 
15.6 or 15.7, could also serve as the median of the observations. Looked at in this way 
one finds that the median may not be a single value or number, but can be one of a set 
of values. 

Another problem is created when a large number of values are repeated. Consider 
the eleven observations (arranged in ascending order) 

3, 5, 7, 8, 15, 15, 15, 15, 15, 15, 43. 

We have 1 1 observations and we cannot pick any value, or even any number ais the median 
in the sense that it will have equal number of values above and below it. 

The general idea of the median as a measure of central tendency is easy to understand. 
We are looking for a value, or a number, which divides the given observed values into two 
parts, half the number of observations being more, and half less, than the median value. 
The median is not only a value lying at the centre of the observations but also conveys 
very useful information. Thus, if we say that the median monthly income of a group of 
workers idf Rs. 500.00 then it is clear that half the workers earn more, and half less than 
Rs. 500.Qio per month. But its calculation poses some difficulties as we have seen from 
the examples considered by us. These difficulties are overcome by a slight modification 
in the definition which is as follows: 

Definition: The median of a given set of n values of a quantitative variable is any 
number M such that 

(i) (No. of values < M] > ^ (ii) ^o. of values > M ] > ^ 

Let us apply this definition to the three examples considered above. 

In the first example, the values when arranged in increasing order are 

3, 5, 7, 9, 11, 15, 17, 28, 28, 31, 43. 

Here n = 11, ^ = 5 5. For a number Jlf to be the median, we require 

I) (No. of observations > M) > 6 
(ii) (No. of observations < M) > 6 
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'lb satisfy (i), wc count 6 observations from the right and see that wc must have M < 
15. Similarly, counting 6 observations from the left, we see that we must have M > 15. 
Hence, M = 15. 

In the second example, the observations arranged in increasing order arc 

. 3, 5, 7, 9, 1 1 , 15, 16, 17, 28, 28, 31, 43. 

Here n = 12, ^ = 6. Hence, counting 6 observations from the right, we see that M < 16. 
Similarly, counting 6 observations from the left, we sec* that A/ > 15. Thus 15 and 16 and 
any number lying between them can be taken as the median according to our definition. 

Applying the same procedure to the third example, we find that 15 is the median 
for the .set of observations 


3,5,7,8,15,15,15,15,15,43. 

Here ^ = 5, and the 5th obscTvations from the right and from the left are both equal to 
15. Hence, A/ = 15. 

The use of the gencrairdefinition determines the median without ambiguity. However, 
in some cases the median may not be unique. In siich cases wc follow a convention (that 
is, a procedure or riilc accepted by everyone) according to which the average of the 
smallest and largest median values is taken as the mcxlian. In the second example, the 
smallest median value was 15 and the largest median value was 16. So, by our convention 
wc take 15.5 as the median in this case. 

Calculation of the Median: If the observations are given as raw datia, we arrange them 
in increasing (or decreasing) order and c:ount the total number of observations. If the 
number n of observations is odd, say, n = 2m -f 1, then ^ = m 4- 2* Hence, from the 
definition of median, we find, as in the first example above, that the (m-f- l)th observation 
is the median. For example, if there are 13 observations, we have 13 = 2x6-l-l,so that 
m = 6. Hence, in this case the 7th observation will be the median. 

If n is even, say, n = 2m, we have ^ = m. Then, as in the second example above, 
the median will be any number between the mth observation from the right and the mth 
observation from the left. The average of these two observations is then taken as the 
median. In other words, we take the average of the mth and the (m 4- l)th value as the 
median. 

If the observations are given in the form of a frequency table with classes defined 
through single values, we rearrange the frequency table so that the values of the variable 
appear in ascending or descending order. We then add a column of cumulative frequen- 
cies ^ the cumulative frequency of any class being the total of the frequencies of that class 
and all classes coming before it in the table. If the total frequencies is odd (= 2m + 1), 
we locate, by means of the cumulative frequencies, the class in which the (m + l)th 
observation falls and the value defining that class is the median. If the total frequency 
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is even (= 2m), we locate similarly the classes and then the values corresponding to the 
mth and (m + l)th observations and take their average as the median. 

As an example, we consider the frequency table of families ^y number of children, 
which we used to illustrate the method of calculating the arithmetic mean (see Table 
17.7). The total frequency is 304, an even number. As 304 = 2 x 152, we have to 
locate the 152nd arid 153rd observations. For that we look at the column of cumulative 
frequencies in the table giveA below: 


TABLE 17.10 


No. of Children 

Frequency 

Cumulative frequency 

0 

43 

43 

1 

55 

98 

2 

60 

158 

3 

64 

222 

4 

48 

270 

5 

34 

304 

Total 

304 



FVom the column of cumulative frequencies we notice that the first 43 observations are 
all equal to 0, all the observations from the 44th to the 98th are equal to 1, all from the 
99th to the 158th are equal to 2 and so on. Thus, the 152nd and 153rd observations arc 
both equal to 2 so that the median number of children per family is 2. What it suggests 
is that of the families observed half had less and half more than 2 children. 

Consider now the case where each class of the frequency table consists of more than 
^ne value. As in the case of the mean, we cannot now calculate the exact value of the 
median and have to go in for an approximation. The approximation method, however, 
is different from that which was adopted for the calculation of the mean. 

We first arrange the classes of the frequency table in ascending or descending order 
of the values of the variable. Then we locate, with the help of the cumulative frequencies, 
the class in which the median value lies. However, since we are calculating an approximate 
value only, we make no distinction bejiween an odd or an even number of observations. If 
n is the total number of observations, we obtain the value of ^ then locate the class 
in which the median lies as the class for which the cumulative frequency first equals or 
exceeds the value 

Having located the class in which the median lies, called the median class, we 
now use our approximation method to find the actual median value in that class. For 
approximation we assume that all the observations of that class are uniformly spread 
over the whole class. Thus, if the class consists of values between 15 and 25 -and there 
are 20 observations falling in that class, we assume that these 20 observations are so 
spread that the difiSerence between two consecutivq obseiyations is ^ 0.5. Thus, 

the 20 observations can be taken as 15.5, 16.0, 16.5, 17.0, 17.5, 18.0, 18.5, 19.0, 19.5, 
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TABLE 17.11 


V&riable 

Ftequency 

Cumulative Frequency 

Below 0.5 

7,116,591 

7,116,591 

0.5 - 1.0 

. 2,986,638 

10,103,229 

1.0- 2.0 

2,591,431 

12,694,660 

2.0 - 3.0 

1,089,301 

13,783,961 

3.0 - 4.0 

533,765 

14,317,726 

4.0 - 5.0 

300,480 

14,618,206 

5.0 - 10.0 

428,585 

15,046,791 

10.0-20.0 

94,727 

15,141,518 

20.0 - 30.0 

11,752 

15,153,270 

30.0 - 40.0 

3,198 

15,156,468 

40.0 - 50.0 

1,058 

15,157,526 

50.0 or more 

1,406 

15,158,932 


Total 15,158,932 


20.0, .. 24.5, 25.0. The median value inside the median class is then determined on 
this assumption. 

As an example, consider the frequency tabic of farmers by the amount of land owned 
which we have already come across. To the column of frequencies we add the column of 
cumulative frequencies. No rearrangement of the classes is needed as they are already 
arranged according to ascending values of the variable. Notice that we have not excluded 
the' class “50 hectares and above” which we had done while illustrating the calculation 
of the arithmetic mean, because now our method of approximation is not based on the 
use of mid-values of the classes. 

Here n = 15,158,932, so the S = 7,579,466 which is less than the cumulative 
frequency of the “0.5 - 1.0” class and more than the cumulative frequency of the "Below 
0.5” class. Hence, the median class is the “0.5 - 1.0” class and the median value lies 
between 0.5 and 1.0 hectare. To find the median, we have to locate the 7,579,466th 
observation in this class. The 7,116,591th observation can be taken to' be 0.5 hectares. 
The next 2,986,638 observations equally spaced between 0.5 and 1.0, that is they cover a 
range of 1.0 - 0.5 = 0.5 hectares. To reach the 7,579,466th observation, we have to find 
the 7,579,466 - 7,116,591 = 462875th observation in the median class. The first 462875 
observations in the median class will, according to our assumption to get an approximate 
value of the median, cover a range of 

0.5 

X 462875 = 0.08 hectares. 

2986638 

Hence, the median value is given by 


0.5 + 0.08 = 0.58 hectares. 
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We thus see that even though there are farmers owning 10,20, or even more than 50 
hectares of land, nearly half the farmers own less than 0.58 hectares of land. 

The general expression for finding the median in such ci^es is given by 

“/o 

M = l + ^ — .h 
h 


where 

M is the median, 

I is the lower value of the median class, 

fo is the cumulative frequency of the class just before the median cla^, 
fi is the frequency of the median class, 

h is the range (upper value - lower value) of the median class, 

71 is the total frequency. 

It is assumed that the classes have been arranged according to ascending values of the 
variable. 


EXERCISE 17.2 


1. The number of students absent in a school was recorded every day for 147 days and 
the raw data was presented in the form of the frequency table below: 


No. of Students absent 

No. of days 

5 

1 

6 

5 

7 

11 

8 

14 

9 

16 

10 

13 

11 

10 

12 ' 

70 

13 

4 

15 

1 

18 

1 

20 

1 

Total 

147 


Obtain the median and describe what information it conveys. 
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2. The marks obtained out of 50 by 102 students in a test were according to the fre- 
quency table below: 


Marks 

Frequency 

20 

8 

22 

15 

23 

28 

24 

27 

26 

20 

31 

2 

38 

1 

43 

1 

Obtain the median and describe what information it conveys. 

3. The following table gives the frequency distribution of married women by age at 

marriage: 


Age (m years) 

F^equeDcy 

15-19 

53 

.20-24 

140 

25-29 

98 

30-34 

32 

35-39 

12 

40 - 44 

9 

45-49 

5 

50-54 

3 

55-59 

3 

60 and above 

2 

Calculate the median and interpret the result. 

4. In the example of land holding^ we found that the mean was 1.25 hectares' Slid the 

median only 0.58 hectares. What do you conclude from it? 

17.11 Measures of Dispersion 


Supposing you were the captain of a cricket team and had selected the whole team except 
for one more batsman. Two batsmen, whom we shall call A and B, were available and 
you had to choose one of them to complete the team. The runs scored by these two 

batsmen in the last 5 matchea (10 innings) were 

as follows: 

A: 38,70; 48,34; 42,55; 63,46 

; 54,44 (Total: 494) 

B: 5,11; 8,29; 83,104; 20,28; 

81,123 (Total: 492) 

The average score per inningB is nearly 50 for both the batsmen. So which' one do 
you select? If your team alveary has batsmen on whom you can depend, you could select 

B in the hope that he wiD hit up a big score. 

Of course, you would then be taking 
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the risk, that he may get dismissed on a poor score. If you do not want to take such a 
risk you would select A since his scores do not change much from innings to innings and 
you can be more certain that he would make a reasonably good score. Though the two 
batsmen have almost the same average score per innings, A’s scores do not show much 
variation from innings to innings while B's scores show great variation with very high 
scores in some innings and very low scores in some others. 

If we plot the scor^ of A and B on a. straight line, we see that the points corre> 
spending to the scores of A are close to each other, or bunched together, and those 
corresponding to the scores of B are scattered or spread out. 

We use the term dispersion to indicate this scattering or spreading out of the different 
values of a 'quantitative variable. Thus, we will say that the scores of B show a higher 
dispersion than the scores of A. 

Let us again look at the scores of A and B. The mean score per innings of A is 
|I9.4 and^s scores are close to the mean score, the difference between the scores and the 
mean score ranges from 34 — 49.4 = —15.4 to 70 — 49.4 = 20.6. The mean score for B is 
49.2, but his scores in the different innings are not close to the mean value but located 
away from it as compared to A. In his case the difference between the scores and the 
inean value rang^ from 5 - 49.2 = - 44.2 to 123 - 49.2 = 73.8. We say th^t A’a scores 
have a smaller dvaptrsiSn about the mean ak compiled to B’s scores. 

We have already discussed the use of measures of location to summarise the in- 
formation provided by the values of a quantitative variable. The measures of location, 
which we have studied, the mean and the median, give us a sort of central value around 
which the values of the variable are located, some values being more and some less than 
the central value. But they do not give us any idea of how far these values are from 
the central value. The measures of dispersion are designed to provide this information, 
that is to indicate if the different values of the Variable are close to a measure of location 
or away from it. A measure of dispersion about the mean will tell us if the observa- 
tions are close to the mean value or not. Similarly, a measure of dispersion about the 
median will tell us about the degree of scatter of the observations about«the median. 

The commonly used measure of dispersion about the mean is the variance or, the 
standard deviation which is simply the square root of the varitoce. The measure of 
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dispersion aboxit the median^ which we shall study, is the mean deviation, 

A small value of the variance will indicate that most of the observations do not differ 
very much from the mean, and variance will go on increasing in value as the observations 
get further and further away from the mean value. Similarly, small values of the mean 
deviation will indicate that the observations are-elose to the median whereas large values 
will indicate that the ot)servations differ much from the median. 

'I'he two measures of location, the mean and the median, provide a very inadequate 
.summary of the information conveyed by a set of observations, but the mean along with 
the variance (or standard deviation), and the median along with the mean deviation 
provide a summary which is adequate in most situations. 

(a) Variance and Standard Deviation 

(consider the scores of batsman A, If we calculate the differences of these scores with 
their mean value, we get 38 — 49.4 = —11.4,70 — 49.4 = 20.6, and so on. The ten 
differences are —1 1.4, 20.6, —1.4, —15.4, —7.4, 5.6, 13.6, —3.4, 4.6, —5.4. Similarly, calcula- 
tions for /I give the ten differences equal to —44.2, —38.2, —41.2, —20.2, 33.8, 54.8, —29.2, 
-21.2,31.8,73.8. Comparison of these differences show that they are on the whole 
larger for B as compared to the differences for A. And because of that B*s scores have 
a higher dispersion about the mean in comparison to A. We will sec below that the 
definition of variance is based upon this idea. 

Suppose our observations arc xj, ..., x„ and their arithmetic mean is x. Let us 
now look at the differences xj — x,X 2 — x, . . . ,x„ — x. If these differences are small in 
magnitude it means that values xi,...,Xn are close to the mean value x, if they are 
large in magnitude it implies that the values are scattered away from the mean value. 
So, a measure of the degree of scatter around x, that is a measure?^ of dispersion around 
X could be constructed by utilising the differences X] — x, . . . ,Xp — x. If we simply add 
these differences, some of which will have a positive value and some a negative value, we 
will get the sum equal to zero. So, the sum of the differences cannot be used to obtain an 
idea of the total dispersion of the values about the mean x. The difficulty is due to the 
fact that some differences are positive and some negative. We overcome this difficulty 
by squaring all the differences and then adding them to get the non-negative sum. 

(xi - x)* + . . . + (x„ - x)* = V(Xi - x)* 

If this sum is zero, each diffidence x, — x must be zero so that there is no disperaion at 
all as all the observations are equal to the mean value x. If this sum is small, all the 
individual differences will be small in magnitude, indicating that the values Xi, . . . ,Xn 
are all close to the mean x. If this sum is large then most of the individual differences 
will be large in magnitude (though some may be small) thus indicating a higher degree 
of dispersion about x. 
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I’hus the sum — x)^ is a reasonable indicator of the amount of dispersion about 

t=i 

the mean value x. But there is another difficulty to be overcome. It can happen that we 
have a large number of observations for which the individual differences x, — x arc small 
in magnitude so that we should get a small value for the measure of dispersion. But, it 

71 

can happen that the sum — x)^ is larger in this case than when we have very few 

•=i 

observations with comparatively larger values for the individual differences. We would 
then be led to conclude that the dispersion is more in the first case than in the second 
even though the situation is quite the opposite. 

For example, the 5 numbers 10, 20, 30, 40, 50 have mean equal to 30 so that J^(x,— 
in this case is equal to 

(-20)^ + (-10)'^ -h (10)-^ -f (20)2 = 1000 

And the 41 numbers 

20, 20.5, 21, 21.5, 22, 22.5, 23, 23.5, 24, 24.5, 25, 25.5, 

26, 26.5, 27, 27.5, 28, 28.5, 29, 29.5, 30, 30.5, 31, 31.5, 

32, 32.5, 33, 33.5, 34, 34.5, 35, 35.5, 36, 36.5, 37, 37.5, 

38, 38.5, 39, 39.5, 40 

also have mean equal to 30 with 5^(xi — x)^ ccpial to 

(-10)2 ^ (-9.5)2 4. (_9)2 4. ... 4. (-0,5)2 4_ (Q 5j2 4. . . . 4. (9.5)2 4. (iqj2 ^ ^^35 

Thus, if we use ^ measure of dispersion about the mean, we would 

say that the second set of numbers has a higher dispersion about the mean than the first. 
Obviously, such a conclusion would be wrong, as all the individual differences x, — x lie 
between —10 and 10 in the second case while in the first the individual differences Xj — x 
range from —20 to 20. So, in effect the observations in the first case are not as close to 
the mean as in the second and should, therefore, give a higher value for the dispersion. 

The difficulty is" created by the fact that the total number of observations in the 
two cases is different. In the second^case, though the values x, — x are small, the total 
]^(xt — x)2 for 41 observations becomes larger than the similar total for the first case in 
which there are only 5 observations. 

We overcome this difficulty by dividing the total 53(xi— x)2 by the number of observa- 

tions. The resulting value ^ called the variance of the set of observations 

i=l 

Xi,X2, . . .yCn* With this modification, the dispersion of the first set of observations is 
measured by = 200 and that of the second set of observations by = 35. And 
we now see that as expected the first set has higher dii^>ersion than the second. 

The exact diefinition of the variance is as follows: . 
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Definition: The variance of a given set of observations xi,X2, . . . of a quantitative 
variable is the number 


(gl - x)^ + (x2-xf + ... + (Xn - x)^ 
n 

where x denotes the arithmetic mean of the observations. 

The symbol is normally used for the variance. We shall sometimes write the vari- 
ance of the observations xi , X2, . . . , Xn as a^(xi , X2, . . . , Xn) if we wish to draw attention 
to the fact that we are talking of the variance of the n observations x^, X2, . . . , x^. 

The variance is a measure of dispersion about the mean value x; large values of the 
variance indicating greater dispersion than small values. However, the variance, being 
based on the squares of the differences Xi — x will not be measured in the same units 
as Xi and x. If, for example, the observations Xi, and hence the mean x, are lengths 
measured in metres, the variance will be measured in square metres, a unit of area and 
not of length. For this reason, the dispersion about the mean is usually expressed in the 
form of the square root of the variance which is called the standard deviation of the set 
of observations. The standard deviation is usually denoted by the symbol o (to show its 
relationship with the variance a^), or, in short by s.d. 

The exact defiaition of the standard deviation is as follows: 


Definition 

The standard deviation of a given set of observations X] , X2, . . 

by 



i=l 


, Xn is the number given 


where x is the arithmetic mean of the observations. 


If we have a frequency table with m classes with each class defined by a single value 
Xi with frequency the variance will be defined by 


— ^fiXi 

r* = lii: where x = 


m 

Zfi 

i=l 


m 

Efi 

x=l 


If each class of the frequency table consists not of a single value but a number of values, 
we follow th^ approximation procedure which was followed for the calculation of the 
mean. Each class is replaced by a single value equal to the mid-value for that class and 
then the above procedure for single value classes is followed to get an approximate value 
of the variance. 
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Calculation of Variance: For the actual calculation of the variance, we do not use the, 
formulae given in the definition. Instead we make use of the following identity: 


1=1 



— 2xiX -h 
i=l 

n n 

Xj — 2x X, + nx* 
i=l i-J 


n 

xj — 2xnx + nx^ 

i=l 



This has the advantage of reducing the number of arithmetic operations to be carried out 
(for example, we have one subtraction only in place of n subtractions), and of decreasing 
the chance of committing errors of calculation. It also reduces rounding-off errors. 

So, for calculating the variance we shall use the formula 


a^(xi,X2, = 


1 


n 




2 


In case of frequency tables with m classes, each class being defined by a single value Xi 
with frequency the variance will be calculated by the formula 




t=l 

m 


m 




The same formula will be used to get the approximate value of the variance if the classes 
of the frequency table consist not of single values but of a number of values. We shall 
use the mid-value x, of the class with frequency /, in the above formula. 


Example 17.1 

The scores of batsman A were 38, 70, 48,-34, 42, 55, 63, 46, 54, 44. 
The total being 494, we have x *= 49.4. The differences Xj — x are 
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Hence, 


-11.4, 20.6, -1,4, -15.4, -7.4, 5.6, J3.6, -3.4, 4.6, -5.4. 

- xf = (1 1 .4)* + (20.6)* + . . . 4- (4.6)* + (5.4)* 
= 1126.64 


and 


1126.4 


G = 


10 


= 112.64 


s.d. = >/n^= 10.61 

We have calculated the variance by using the dehnition of the variance. We now 
show how to obtain it by the formula for calculating it. In that formula, we have first of 
all to obtain the sums and J^x? (this is done in the table below), and then these 
sums are used to . calculate the variance. 


X| 


38 

1444 

70 

4900 

48 

2304 

34 

1156 

42 

1764 

55 

3025 

63 

3969 

46 

2116 

54 

2916 

44 

1936 

Total 494 

25530 


(E^.r 

n 

(E^)’ 




<T 

Hence, s.d 


2 _ 


(494)* 

10 

24403.6 

2^530-24403.6= 1126.4 
1126.4 


10 

10.61 


= 112.64 


Example 17.2 

The scores (x.) obtained by 21 children in an intelligence test are given along with their 
frequencies (/i) in the first two columns of the table below. The next two columns are 
used to obtain the values of /,x,' and /.xf. The totals of these columns are then used 
to calculate the variance as shown. Note that the values /|X, in the third column are 
obtained by multiplying the values Xi and fi in the first two columns. The value of ftxf 
is then obtained by multiplying the value of fiXi in the third column by the value Xi in 
the first column. In this way, the sqauring of the values Xj is avoided and calculation 
time saved. 
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Xi 

fi 

fiXi 

fiXi 

91 

3 

91 X 3 = 273 

273 X 91 = 24843 

92 

2 

184 

16928 

96 

3 

288 

27648 

97 

2 

194 

18818 

101 

5 

505 

51005 

103 

3 

309 

31827 

108 

3 

324 

.34992 

Total 

21 

2077 

206061 


( 5 ^ 




(£J<) 


a 


2 


Hence, s.d. 


(2077)* 

21 

4313929 

21 


= 205425.19 


206061 - 205425.19 = 635.81 


635.81 

21 

cr = 5.50 


= 30.28 


Example 17.8 

The measurements (in mm) of the diameters of the heads of 107 screws gave the frequency 
table fornied by the first two columns below. The third column gives the mid- value of the 
class from which the remaining columns as well as the value of the variance are obtained 
as in Example 17.2. 


DiBjneter 

Requency 

Mid- value 

fiXi 


33-35 

17 

34 

578 

19652 

36-38 

19 

37 

703 

26011 

39-41 

23 

40 

920 

36800 

42-44 

21 

43 

903 

38829 

45-47 

27 

46 

1242 

57132 

Total 

107 


4346 

178424 



(4346)* 


176520.71 


(E /•*•)* 


* V 

178424 - 176520.71 
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Hence, s.d. = cr = 4.22. 


1903.29 

1903.29 

107 


17.79 


17.12 Short-cut Method for x and 


If the values of Xi or the rnid-values Xi in the different classes of a frequency table are 
large, the calculatiohs of x and become quite lengthy and time-consuming. In the 
case of frequency table with equally spaced values or mid- values x,, calculations can 
be simplified to a great extent by a simple method described as a ‘Short-cut Method’. 
According to this method we first subtract a constant A from each x,; A is generally 
chosen to be the middle x^ or a value near to the middle x, in the frequency table. Each 
deviation Xi — A is then divided by a suitable constant h which is generally the class 
interval in the frequency , table. 

Taking 


Ui = 



or Xi = i4 -h hiij, 


we have 


X = 


X = A 4* A 


53 


and = 


•. a* = 


E/‘ 

“XT" 

53 -A- hay 

Ef> 


Let 113 work out below the Ebcample 17.3 by using the above formula for i and o’: 
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Diameter 

fVeguency 

Si 

Mid- value 

Xi 


/<«• 


33-35 

17 

34 

-2 

-34 

68 

36-38 

19 

37 

-1 

-19 

19 

39-41 

23 

40 

0 

0 

0 

42-44 

21 

43 

4-1 

4-21 

21 

45-47 

27 

46 

4-2 

4-54 

108 

Total 

107 



4-22 

216 


Here A = 40 and /i = 3 


fiUi 


Hence, s.d. = a = 4.22. 



/•“•) 

E/. 

(E 

E/- 


u = 

x 
2 


£^^i = ^= 0.21 

E/, 107 

40 + 3 X 0.21 = 40.63 
( 22)2 


107 


= 4.52 


= 216-4.52 = 211.48 


a* = 


9 X 211.48 
107 


= 17.79 


EXERCISE 17.3 


1 . Prove the identity 


n 



2. (a) What would be the variance of the Kores of batsman ^4 (inSection 17. 1 1) if he had scored 
1 0 runs more in each innings ? 

(b) What would be the variance of the scores ofbatsman.4 (in Section 17. 1 1) if he had scored 10 
runs less in each innings ? 
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3. Supp>ose the observations xi , X 2 , . . . , Xn are changed to x\ -fa, X 2 fa, . . . , x„ +a, where 
a is a given positive or negative number. Show that the variance remains unchanged. 
[ Hint: The mean x becomes x -f a ] 

4. (a) The scores of 10 students in a test, in which the maximum marks were 50, were 
as follows: 

.28r, 36, 34, 28, 48, 22, 35, 27, 19, 41. Find the variance. 

(b) Later on the maximum marks were increased to 100, and accordingly each stu- 
dent's score was doubled. Find the variance of the new scores. 

5. Given that is the variance of the observations xi,X 2 , . . . ,x„, prove that the vari- 
ance of OX], 0 X 2 , • • • ) where a is any number different from zero, is 

[Hint: x becomes ax and x* — x becomes a(xi — x)] 

6. The scores of 48 children in an intelligence test are shown in the frequency table 
below: 


Score 

Frequency 

71 

4 

76 

3 

79 

4 

83 

5 

86 

6 

89 

5 

92 

4 

97 

4 

101 

3 

103 

3 

107 

3 

110 

2 

114 

2 


Calculate the variance and find out the percentage of children whose scores lie 
between x — a and x f- a. 

(b) Mean Deviation about the Median 

Let us now consider the problem of measuring the dispersion about the median. Once 
again we begin with the individual differences x. — M between the observations x, and 
the median M. If the observations are close to the median those differences will be small 
in magnitude. If on the other hand the observations are far from median they will be 
large. Since M is the median of the observations Xi, half of the differences Xi — M will be 
positive and half negative. Because of it, we cannot just take the average of these values 
as a measure of dispersion. We had a similar problem in the case of the variance where 
we squared each difference x, — x to make all of them positive. Now we follow a slightly 
different method. We simply ignore the negative sign if Xt — M is negative. In other 
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words, we replace each difference Xj — M by its absolute value |x, — A/|. Thus if x, — M 
is 3.5, we have jx^ — A/| = 3.5 and if x, — A/ is equal to —4.01, we take |x, — Af | = 4.01. 
We add these absolute values to get the sum 

n » 

|xi - M| + |X2 - M| + . . . + \Xn - M| = |Xi - Af I 

1^1 

which is an indicator of the amount of dispersion of the observed values about the median. 
This sum is then divided by the number of observations n to get the mean deviation about 

n 

the median. The division by n is done for the same reason for which 5](x, — x)^ was 

i=l 

divided by n to get the variance measure of dispersion about the mean. 

The definition of the mean deviation about the median (or just mean deviation 
in short) is as follows: 

The mean deviation of a given set of observations xi, X 2 , . . . , Xn, about their median 
Af is the number 

|xi - A/| 4- |X 2 ~ Af I 4- . . . -h |Xn - Af I 
n 

The individual difference in absolute value, |xi — Af | are called deviations of the 
observations from Af and the mean deviation, as the name suggests is their average. 
Since, unlike the variance, the mean deviation is measured in the same units as the 
observations, no further modifications are needed and the mean deviation can be used 
as it is as a measure of dispersion about the median. 

We could also have measured the dispersion about Af by obtaining the average 

(xi - Af (x2 - Af 4- ... -I- (xn - 
n 

and then taking its square root. Similarly, the dispersion about the mean x could have 
been measured by the average 

|xi - x| 4- |X 2 - x| 4- . . . + |Xn - x| 
n 

However, we follow different methods while measuring dispersion about the mean x and 
about the median Af . The reasons for doing so cannot be explained at this stage and will 
be learnt by you when you study the subject at a more advanced level. For the present 
it is enough to remember that the variance (or standard deviation) is used to measure 
the disi>ersion about the mean, and the mean deviation is. used to measure the dispersion 
about the median. 

Calculation of the mean Deviation: Suppose the observations are xi,X 2 , . . . ,^ni &nd 
their median value is Af . If we calculate the mean deviation according to its definition, 

‘ we have to obtain the values of x, — Af for all the observations. However, this is not 
necessary and we can do the calculations more easily and ijva shorter time as follows: 
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(i) 

(ii) 

(iii) 


Separate the observations Xi which are > M from those Xi which are < M. 

Count the number (ni) of the observations which are > M, and obtain their total 

Count the number ( 712 ) of the observations which are < M, and obtain their total 


(iv) Check that nj -f- 712 = n. 

(v) Obtain the value of the mean deviation about the median as 


- >^ 2 ) - (ni - n2)M 
Til -f 712 


If the observations are given in the form of a frequency table with 771 classes in which 
each class consists of a single value Xi with corresponding frequency /^, we proceed as 
follows: 

(i) Take the observations Xj which are > M; obtain the sum (tii) of their frequencies 
/, and the sum (sj) of the products /,Xi for them. 

(ii) Take the observations Xj which are < M\ obtain the sum ( 712 ) of their frequencies 
/, and the sum (^ 2 ) of the products fiXi for them. 

(iii) Check that ni -f 712 equals the total frequency. 

(iv) Obtain the mean deviation as 

- ^^ 2 ) - (ni - 7i2)M 
Til 4- 712 


Example 17.4 
We consider the scores 

70, 48, 34, 42, 55, 63, 46, 54, 44 in ten innings of batsman A. If we rearrange the 
scones in increasing order, we get 

34, 38, 42, 44, 46, 48, 54, 55, 63, 70. The fifth value is 46 and the sixth is 48. Hence we 
take their average 47 as the median M. 

With this value of M, the mean deviation according to the definition is given by 
^ [|34 - 47| + |38 - 47| + . . . + |70 - 471] 

= i(13 + 9 + 5 + 34-l + l + 7 + 8+16 + 23] 

= 186] = 8.6 

If we use the alternative method of calculating the mean deviation, wc find that 
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(i) Observations 48, 54, 55, 63, 70 are > Af so that ni = 5 and S] = 290 

(ii) Observations 34, 38, 42, 44, 46 are < Af so that n 2 = 5 and S 2 = 204. Hence, mean 
deviation is given by 

(290 -204) -(5 -5)47 86 

5 + 5 10 

In this particular example, we have nj = n 2 so that the term (nj — n^M was reduced 
to zero. However, we need not necessarily have ni = n 2 as will be seen in Example 17.5. 

Example 17.5 

Suppose the observations when arranged in increasing order are: 

3, 3, 5, 9, 10, 12, 12, 12, 18, 21, 21, for which median M = 12. We now have 

ai = 12 + 12 + 12 + 18 + 21 + 21 = 96 

sj = 3 + 3 + 5 + 9+10 = 30 

ni = 6 

712 = 5 

Thus, we have mean deviation 

(96 - 30) - (6 - 5)12 '66 - 12 54 

6 + 5 ~ 11 ~ 11 

If we follow the definition, we get the mean deviation as 

I 

^ [|3 - 12| + |3 - 12| + |5 - 12| + |9 - 12| + 110 - 12| + |12 - 12| + |12 - 12| + |12 - 12| 
+|18. - 12| + |21 - 12| + |21 - 12|] 

= ^[9 + 9 + 7 + 3 + 2 + 04.0 + 0 + 6 + 9 + 9] = ^ 

EXERCISE 17.4 


. The lengths (in cm) of 30 small pieces of cloth left after a day’s sale in a cloth shop 
were: 

42.7, 98.5, 29.3, 29.1, 89.2, 69.2, 70.8, 5.7, 22.8, 49.1, 44.3, 79.5, 66.4, 14.2, 10.6, 
41.1, 91.8, 86.4, 49.4, 85.5, 56.1, 49.6, 72.8, 59.4, 6.4, 32.9, 62.6, 37.3, 56.0, 33.1 
Find the mean deviation d about the median M. See how many observations are 
between M — 2d and M + 2d. 
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2. . The areas (in square metres) of the different fields in a village were as follows: 

67.1, 74.5, 94.9, 98.2, 15.3, 91.5, 80.2, 42.3, 62.0, 75.3, 57.0, 88.0, 49.4, 34.1, 56.1, 

31.2, 36.1, 83.2, 37.8, 80.3, 85.6, 53.9, 69.9, 71.9, 91.5, 98.3, 42.2, 32.6, 91.6, 40.8, 
35.5. 

Find the mean deviation d about the median Af. See how many observations are 
between M — d and M d^ and how many (in |;>er cent) are between M — 2d and 
M -{-2d. 



CHAPTER 18 

Linear Programming 


18.1 Linear Constraints 

Suppose we have a sum of Rs 35 with us with which we wish to purchase pencils whiqh 
cost Rs 2 each, and notebooks which cost Rs 3 each. How many pencils and notebooks 
can we buy? If we buy pencils only, we can buy at the most 17 pencils and will have 
Re 1 left; if we buy notebooks only, we can buy at the most 11 notebooks and will 
have Rs 2 left with us. We can also buy 5 pencils and 8 notebooks at a total cost of 
Rs [(5 X 2} + (8 X 3)] = Rs 34 and will have Re 1 left, or, we can buy 7 pencils and 7 
note-books, in which case we will have spent the total amount of Rs 35 which we had 
with us. Obviously, we cannot buy 8 pencils and 7 notebooks since their total cost is 
Rs 37 which is more than what we can spend. We thus see that we have many choices 
regarding the numbers of pencils and notebooks we can purchase without requiring more 
than Rs 35. 

Let us denote the number of pencils by x, and that of notebooks by y. Obviously, x 
and y can take only positive and integral values. The problem we have been discussing 
can be put in mathematical language as follows: 

Find positive integers x and y such that 

2x + 3y < 35 

The solutions to this problem, that is all possible pairs (x, y) which satisfy the above 
conditions can be graphically presented if we use our knowledge of coordinate geometry. 
We know that the equation 2x + 3y = 35 represents a straight line. This line divides the 
plane into two half-planes. One of these half planes precisely contains points (x^y) for 
which 2x -f- 3y < 35 and the other those for which 2x -h 3y > 35. The two regions A and 
B arc shown in Fig. 18.1. In which of these two regions is 2x + 3y < 35? We can try any 
point in one of the regions. Suppose we try the origin (0, 0) which is in the region A. If 
we put X = 0, y = 0 in 2x + 3y, we get 0 which is less than 35. So (0, 0) satisfies 

2x + 3y < 35 
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y y 



The region A satisfies 2a:.-f 3y < 35 and B represents, 2x-^^y > 35. Since in our problem, 
we want x and y to be^positive integers (x and y can be zero but cannot be negative), we 
see that the solutions to our problem are just those points (x, y) whose co-ordinates are 
integers and which fall in the shaded region OAB (including the boundaries) in Fig. 18.2. 

If we buy pencils only, the solution will be located on OA and if we buy notebooks 
only, the solution will lie on OB. If we ar§ Ipoking for a solution which completely utilises 
the money available (e.g., x = 4,y = 9;x = l,y = ll;x = 7,y = 7,x = 10, y = 5, etc.), 
the solutions will be found on the line segment AB. 

If we have to buy a minimum of 2 pencils and 3 notebooks, then our choice of x and 
y should be such that we also have x > 2 and y > 3, in addition to the requirement 
2x -f 3y < 35. The points (x, y) for which y is non-negative and x > 2, and for which x 
is non-negative and y > 3 are shown in Figs 18.3 and 18.4. 



Fig 18 J 


Fig 18.4 
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With this added restriction that we should have x >2 and y > 3, the solution now 
are pairs of integers for which the point (x, y) lies in the shaded region shown in Fig. 18.5, 
which is bounded by the lines 2x + 3y = 35, x = 2, and y = 3. 

y jc = 3 



Region X ^ 0,y 2 4 

Hill 


Region 2 0, JT 2 3 



Fig 11.6 


Region jr ^ 0, 3^ 2: 0 2jr + 3^ s 15 


Wi///ii/im 


It can happen at times that the conditions we have laid down are such that they 
cannot be satisfied. In such cases there will be no solution to the problem. For example, 
suppose we wish to purchase at least 3 pencils and 4 notebooks and do not want to spend 
more than Rs 15. Clearly, this is impossible. The geometrical representation of these 
conditions is shown in Fig.18.6. We see that there is no region where all the conditions 
are satisfied. In such cases we say that there is no solution, or that the solution set is 
empty. 

The conditions 2x + 3y <15ta; > 3, etc. are also called constraints because they 
restrict our freedom of choice of the values x and y. The constraints we have used are 
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of the type called linear constraints because they are expressed by means of linear 
functions. 

An important property of linear constraints on two variables x and y is that the 
set of points (x^ y) for which the constraints are satisfied is either empty, or is a region 
bounded by straight lines (i.e. a polygon), or an unbounded region with straight line 
boundaries. 

Example 18.1 
The constraints 

x-hy < 5 
4x + y > 4 
X + 5y > 5 
X < 4 
y < 3 

have as solution set thfe shaded area (a polygon) in the Fig 18.7. This area is bounded 
by the five lines 

X + y = 5, 4x + y = 4, X + 5y = 5, X = 4, and y = 3 


y 



Fig 18.7 


Example 18.2 

The solution set of the constraints 

3x + 4y > 12 

y > 1 

X > 0 
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is the shaded portion shown in Fig. 18.8. It is bounded on three sides by the lines 
X = 0, 3x + 4y = 12 and y = 1, but is unbounded as the constraints are satisfied by 
arbitrarily large positive values of x and y. • 


y 



Fig. 18.S 


Example 18,3 

If in ex^ple 18.2 we add one more constraint 4x + 7y < 28, the solution set (shaded 
area in Fig. 18.9) is no longer unbounded, but is a quadrilateral (i.e., a polygon) bounded 
by the lines x = 0, 3x + 4y = 12, y = 1 and 4x + 7y = 28. 


y 



xS60,y 0 X^Oiy^l 
3x + 4y ^ 12 4x + 7y :l 28 3x + 4y as 12 


FKIM 4x + 7rS28 
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Example 18. 4 

This time if we add to example 18.2 the constraint x + 2y < 3, the solution set is empty 
as is clear from Fig. 18.10. 


y 



x&O.ysl xa0,ya0 x^O.yal 

2x Ay >12 X + 2y s 3 3x + 4y a 12 


X + 2y S 3 

Pig. 18.10 

EXERCISE 18.1 

1. Draw the diagram pf the solution set of the linear constraints 
2x + 3y < 6 

x + 4y < 4 

X > 0 

y > 0 

2. Exhibit graphically the solution set of the linear constraints 

x + y > 1 

y < 5 

. X < 6 

7x + 9y < 63 
x,y > 0 

3. Verify that the solution set of the following linear constraints is empty: 
X — 2y > 0 

2x — y < — 2 

X > 0 

y ^ 0 
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4. Verify that the solution set of the first two constraints of problem above is not empty, 

and that it is unbounded. ' 

5. Find the linear constraints for which the shaded area in Fig. 18.11 Is the solution 
set. 



Fig. 18.11 



Rg 18.18 



LINEAR PROGRAMMING 


401 


18.2 Linear Programming 

We now look at the problem of purchase of notebooks and pencils from the point of view 
of a shopj(eeper who buys goods in otder to sell them at a profit. The num^r of pencils 
and notebooks he can purchase will depend on the amount of money he can invest. He 
has also to make sure that he does not buy more than what he can sell. Finally, he will 
try to see that the number of pencils and notebooks which he purchases is such as to 
give him the maximum amount of profit on sale. 

Suppose the pencils cost him Re 0.75 each, and the notebooks Rs 3 each. If he has 
Rs 100 to invest, and x and y denote, respectively, the numbers of pencils and notebooks 
purchased, then we have 

0.75x + 3y < 100 

Now suppose he is able to sell all the pencils and notebooks purchased by him, the pencils 
at Re 1 eeM:h, and the notebooks at Rs 3.50 each. Thus he makes a profit of Rs 0.25 on 
each pencil and a profit of ^ 0.50 on each notebook. Since he makes a larger profit on 
notebooks, we could be tempted to suggest that the shopkeeper should only purchase 
notebooks. However, that would not be a correct advice. For, by investing Rs 3 in the 
purchase of 4 pencils he would make a total profit of Re 1, whereas by investing it in the 
purchase of 1 notebook hie profit would only be Re 0.50. Some possible values of x and 
y with the resulting profit are given in the table below: 


X 

y 

Coat (Rs) 

Profit (Hb) 

1 

33 

99.75 

16.75 

5 

32 

99.75 

17.25 

53 

20 

99.75 

23.25 

21 

24 

87.75 

17.25 

33 

20 

84.75 

18.25 

133 

- 

99.75 

33.25 


We see that his profit is maximum if he invests all his capital in the purchase of pencils 
only. Then he utilises almost all his capital and makes a profit of Rs 33.25. Suppose the 
shopkeeper knows from past experience that the sales of notebooks cannot exceed 25, 
and therefore he should not purchase more than 25 notebooks. Suppose he also knows 
that customers of notebooks usually also buy pencils, and that if pencils run out of stock 
it becomes difficult to sell notebooks. Accordingly, he decides that to begin with the 
number of pencils in stodc should be at least four times the number of notebooks. Thus, 
his choice of x and y is now determined by the following conditions: 

0.75x + 3y < 100 
y < 25 
X > 4y 

Of course, x and y should be positive integers. 
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The possible values of x and y which sati 9 iy these conditions will be such that the 
point (x, y) lies in the shaded region in Fig. 18.13 


y 



0.75k H-ay * iOO 


Fig. 18.13 

Out of all the points (x, y) in the shaded region, the shopkeeper has to choose that 
point, or those points, for which the profit 

0.25x + 0.5y 

has the maxiimun value. Some possible values of x and y with the resulting profit are 
given in the table below: 


X 

y 

cost (Rb) 

Profit (Rs) 

80 

13 

99 

26.5 

84 

11 

96 

26.5 

116 

4 

99 

31 

129 

1 

99.75 

32.75 


We notice that the shopkeeper gets the same profit (Rs 26.5) if he invests Rs 99 or 
Rs 96. He wbuld no doubt prefer to invest Rs 96 instead of Rs 99 if he knows that |n 
both cases his profit is the same. In view of this the shopkeeper can look at the problem 
in a different manner. He can fix a minimum amount of profit to be 'made and then try 
to achieve it with as small an investment as possible. 

Suppiose the shopkeeper decides that his profit should not be below Rs 30. He has 
now to choose x and y in such a manner that he can make a profit of Rs 30 or more 
keeping his investment as low as possible. Now, the variables x and y have to satisfy 
only pne condition, namely 


0.2Sx + 0.5y > 30 


LINEAR PROGRAMMING 


403 


in addition to being non-negative integers. Out of all such pairs of values (x,y), he 
chooses that for which 

0.75x 3y 

has the smallest value. 

The two situations described above illustrate the type of problems called linear 
programming problems. The term linear programming refers to the special methods 
evolved for solving such problems. We give below a brief description of these methods. 

Mathematical Model of Linear Programming Problems 

We have two variables Xi and X2 which are non-negative (i.e., X] > 0,X3 > 0). These 
variables have also to satisfy a number of linear constraints. Since a linear constraint 
3xi + 4x2 ^ 5 c&n also be expressed as — 3xi — 4x2 S we write all the constraints of 
the problem in the form 


Oll®l+Ol2®2 ^ bi 
® 2 lXl -l- (I22X2 ^ ^2 


and so on. We are also given a linear function 


C]X| 4 " C2X2 


whose value is to be maximised (or minimised) subject to the given constraints. In other 
words, out of all pairs (xi,X2} satisfying the constraints we have to choose those which 
give a maximum (or minimum) value to the given linear function. A linear programming 
problem when expressed in mathematical form looks as follows:'^ 

Find max(3xi — 2x2) given that 


Xi -l- X2 < 1 

3x] — X 2 < —3 

X],X2 ^ 0 


or it may be: 

Find min(1.5x] -I- 2.6x3) given that 


— Xj •— 3x3 < —3 
X3 < 5 

®I>®3 0 

The set of pairs of values (xi,X3) which satisfy the linear constraints of the problem is 
called the set of feasible solution to the problem. The linear function whose value is 
to be maximised (or minimised) is called the objective function. 
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18.3 Solution of a Linear Programming Problem 

in moat linear prcgramming problems the set of feasible solutions is a polygon in the 
positive(first) quadrant, that is, a closed figure bounded by straight lines. The set is also 
a convex set which only means that if you take any two points in the set the line joining 
them also lies in the set. The set of feasible solutions is thus a convex 4 >loygon. In Fig. 
18.14 polygons at (i) and (ii) are convex, while that at (iii) is not. 


(ii) (iii) 


Fig. 1S.14 

Once we have determined this convex polygon, we have to select a point, or points in 
it which will make the value of the objective function maximum (or minimum). Since the 
objective function is linear, we do not have toconsider ail the points inside the polygon 
to locate the point which maximises (or minimises) the objective function. It is known 
from general mathematical theory that it is enough to look at the values of the objective 
function at the vertices of the set of feasible solutions. The largest of these values is 
the maximum value of the objective function, and the smallest of these values is the 
minimium. It may happen that two vertices give the same value of the objective function 
which also happens to be the largest value. In that case all the points on the line joining 
these two vertices will give the maximum value of the objective function. Similar is the 
case when two vertices will give the same value which is the smallest of all the values. 
Then all the points on the line joining these two vertices will give the minimum value to 
the objective function. 

The different methods of solving linear programming problems make use of the above 
property of linear functions. One begins by obtaining the value of the objective function 
at one of the vertices and then moving to another vertex which increases the value of the 
objective function. The procedure is continued till one reaches the maximum value. The 
procedure for obtaining the minimum value is similar. 
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We now describe a geometrical method to solve a linear programming problem. This 
method locates the vertex of maximum (or minimum) value without having to evaluate 
the value of the objective function at any other vertex. Consider the following linear 
programming problem. Maximise x + 2y under the constraints 

2x + 3y < 6 
x + 4y < 4 
i,y > 0 

The set of feasible solutions is represented by the shaded area OPQR in Fig. 18.15. (See 
Exercise 18.1 problem No.l) 



X = l,y = 0.5 is a feasible solution and for this solution the objective function has 
value 2. The solution (0.8, 0.6) also gives the value 2 to the objective function. In fact 
all the solutions falling on the line x + 2y s 2 (the line AB in the figure) will give the 
same value 2 to the objective function. Similarly, the objective function has value 2.5 for 
all solutions (x, y) for which x + 2y = 2.5. These solutions fall on the line CD whidi is 
parallel to AB and away from the origin. Thus, as we move the line AB parallel to itself 
and away from the origin, we girt feasible solutions giving larger and larger values to the 
objective function. The value of the objective function keeps increasing till we get a line 
parallel to AB and passing through the vertex Q of the polygon of feasible solutions. 
Ai^ further displacement of the line takes it out of the polygon OPQR so that the value 
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of the objective function corresponding to the line is no longer attained by any feasible 
solution. The maximum value of the ojective function takes place at theyertex Q{^, 

and equals ^ + 2x^=s^s= 3.2. If we move the line AB parallel to itself but towards 
the origin, the value of the objective function keeps decreasing. The nunimum value is 
reached at the vertex O and equab zero. 

As another example consider the set of feasible solutions of the constraints. 

—x — y< —1 
7® + 9y < 63 

X < 6 

y < 5 

®iy > 0 

It is given by the polygon ABCDEF in Fig. 18.16. (See Exercise 18.1, problem 
No.2). 



r -»■ y - I 


Fig.li.lt 

To find the maximum or minimum value of the objective function 4a; + 3y we move 
th( line PQ (with slope — ^) parallel to itself. When it is moved away from the brigin, 
the line continues to cross the poljrgon ABCDEF tiU«it reaches the vertex C. The 
maximum value of the objective function is, therefore, given by the solution reinesented 
by the vertex C. Similarly, by moving the line towards the origin, we see that the 
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minimum value of the objective fimction is determined by the vertex F. The coordinates 
of the six vertices of the polygon ABCDBF are given by 

A: (1,0), B:{6,0), C:(6,I) 

i?:(y;5), ^:(0,5), F:(0,1) 

The values of the objective function 4x + 3y at tlftlb vertices are as follows: 

i4:4, B:24, C:31, ’* 

D : 25|, ^ : 15, F :3 

and we verify that amopg the vertices, the maximum value of the objective function is 
at C and minimiun is at F. 


EXERCISE 18.2 

1. Find the maximum and minimum values of 5x + 2y subject to the constraints 

— 2x — 3y < —6 
X — 2y < 2 
6» + 4y < 24 
— 3x + 2y <3 
x,y > 0 

2. Find the maximum and mininnun values of 2x + y subject to the constraints 

X + 3y > 6 
X — 3y < 3 
3x + 4y <24 
— 3x + 2y < 6 
5x + y > 5 
x,y > 0 

3. Find the minimum value of 3x + 5y subject to the constraints 

— 2x + y < 4 
x + y.> 3 
X — 2y < 2 
x,y > 0 
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4. If a young man rides his motor-cycle at 25 km per hour, he has*to spend Rs 2 per 
km on petrol; if he rides it at a faster speed of 40 km per hour, the petrol cost 
increases to Rs 5 per km. He has Rs 100 to spend on petrol and wishes to find what 
is the maximum distance he can travel within one hour. Express this as a linear 
programming problem and then solve it. 

5. Every gram of wheat provides 0.1 g of proteins and 0.25 g of carbohydrates. The 
corresponding values for rice are 0.05 g and 0.5 g respectively. Wheat costs Rs 2 per 
kg and rice Rs 8. The minimum daily requirements of proteins and carbohydrates 
for an average child are 50 g and 200 g respectively. In what quantities should wheat 
and rice be mixed in the daily diet to provide the minimum daily requirements of 
proteins and carbohydrates at minimum cost. (The protein and carbohydrate values 
given here are fictitious and may be quite different from the actual values.) 



CHAPTER 19 


Algorithms and Flowcharts 


19.1 Computers 

'rhe advent of computer is affecting practically every activity of human life. Whether it is 
reservation in railways, managing a super market, or clearing cheques in banks, we have 
begun using computer as a tool everywhere. Now-a-days in India, fevery big organisation 
is using computer for its day-to-day working. We use computer to locate underground 
natural gas and oil, to launch a satellite, and so on. In fact, the invention of computer 
is one of the finest contributions of science to society. 

The development of the ideas leading to the present-day computer dates back to 
the nineteenth century. Some mathematicians like Charles Babbage (1791-1871), Alan 
Turing (1912-1954) and John Von Neumann (1903-1957) contributed significantly to the 
concept of a computing machine. Mathematics and computer enrich each other. Tl^e 
present-day computer has become a powerful tool to solve some mathematical problems 
that remained unsolved hitherto. 

A computer, however, is not a machine that can do more mathematical operations 
than what a human being can do. But it can do some operations much faster and 
can handle large amount of data. You may be surprised to know that the present-day 
computer can perform a million cklditions per second. It can perform all operations such 
as addition, subtraction, multiplication, division and comparison. 

There has been a . variety of computers, depending on their purpose and capabilities. 
One common feature is that every computer is constituted of three major components: 
(1) Input and. Output component, (2) Central Processing Unit, and (3) Memory. 

Depending on the nature of thm three components, the computers vary. All the 
computers do the same fun^Uons with varying degrees of speed and limits. 

However, when a problem is given to the computer, it cannot automatically decide 
the operations and the operands. It is necessary for a person, desirous to use a computer 
for solving a problem, to instruct the computer properly to choose the operations and 
the operands. This requires a mode of conununication with a computer. Imagine that a 
Chinese wants to tell a story to an Englishman. Though the Chinese knows the story. 
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unless he knows a language that the Englishman understands, he cannot actually com- 
municate with him. Si^larly, if any instruction is to be given to the computer, it is nec- 
essary that instructions are deiivered in a language that the computer understands. Such 
languages are called Programming Languages: FORTRAN, BASIC, F^XSCAL, COBOL, 
etc. Irrespective of language, what is equally important, is to prepare the sequence of 
instructions to solve the specific problem. is what we call an algorithm. 

19.2 Algorithms 

• 

An algorithm is nothing but a sequence of simple steps to solve the problem at hand. It 
is a step-by-step procedure leading to the solution. 

For example, to solve the equation ax + b — c, we may write: 

Step 1: Subtract 6 from c 

Step 2: Divide this answer by a, if a ^ 0 

Step 3: This answer represents the value of x as the solution 

Some characteristic features of an algorithm are: * 

(i) It is precise. There can be no ambiguity in a computer algorithm. Each step of 
the execution must be uniquely defined and may depend only on the inputs, tjje 
previous steps and the internal capabilities of the machine. 

(ii) It is sufficiently detailed and precise to allow execution by the processor. For 
example, "find the area of the triangle”, "solve the quadratic equation”, etc. are 
instructions that require more detaib. In an algorithm, we have to incorporate 
how the area is to be found, or how the roots of the quadratic equation are to be 
(determined. There is no room left for the creative imagination of the executor. But 
while planning an algorithm, some details may be suppressed. 

(iii) It is in a definite order. The instruction in an algorithm are to be given in the order 
in which thqy are to be performed. The machine carries out these instructions, one 
after the other. 

We say an algorithm, whidi is designed for a specific problem, is correct if it serves for all 
instances of the problem. Designing and studying computer algorithm occumes a unique 
and central position in the study of computer. Designing of algorithms is nothing but 
planning, llmugh algorithms occur in some of the earliest of human records, it is the 
rise of computers that has led to the wideqnead study of algorithm for their own sake. 

18.9 Flowdiarts 

Before beginning to scdve a problem, it is frequently useful to do some preliminary plan- 
ning. A gr^diic representation of such a plan is called a flowdiart. The flowcharts con- 
stitute schematic lectures .that we intend to implonent in the inogram. The 'flowchart 
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helps to break a big job down into many small pieces of the job and to represent them 
pictorially, showing the order of instructions. 

A flowchart consists of some boxes, linked by arrows. In each box, certain action 
to be carried out, is mentioned. Arrows on the lines connecting the boxes indicate the 
direction in which we should proceed. 

The boxes are of different shapes as shown below 


Shape of the^ box 

Meaning 

o 

a stretched ellipse 

Terminal box: To begin or end a program. 

zu-c: 

a parallelogram 

Input/Output box: The data fed into the computer and 
the print out given by the computer 

o 

a rhombus or a diamond 

Decision box: Computer is to decide among alternative 
instructions 



Assignment/Calculation box; Computer is to assign 
some values for the variables, or is to perform some 
operations like addition, etc. 



a rectangle 

o 

a circle 

Connector box: To come from or to go to another part 
of the diart 


We start with an easy exanqrie. 
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Example 19.1 

Problem: Find the modulus of a complex number given in th e form (X , Y). 
Method: The modulus of {X,Y) is given by the formula r = y/X^ + Tt^. 





Example 19.2 

Problem: Given two complex numbers Zj = (Xi, Yj) and = {Xi,Yi)’, compute 
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When Z 2 = 0, that is when both and Yi are Zeroes, we do not calculate 



Fig 19.2 
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19.4 Loops 

In this Section you will be tau^t how to assign different values for a variable, and create 
a loop while writing an algorithm. This is best explained by means of.an example. 



PiK.MJ 


Example 19.S 

Problem: Multiply 20 x 22 x 24 x % x 28 

Metkod: First multiply 20 x 22. 

Then multiply thfa answer by 24. 
Then multiply this answer by 26. 
Lajjtly multiply this answer by 28. 
. Print thn, answer and stop. 
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Now, we note that the factors 20, 22, 24, 26 and 28 are progressively having an incremoit 
of 2. Therefore, we may write the algorithm as follows: 

Note: In computer language the symbol * denotes multiplication. 

= 20 
A.-= 20 

a 

X •— X : ; i bis means, the variable A is assigned a new value, equal to 

* ; : i value plus 2. Now X — 22) 

A X . .w /I = 20x22) 

X ' . w A = 22 + 2 = 24) 

♦ . • ' ; i '.i/w yl = (20 X 22) X 24) 

X X A = 24 + 2 = 26) 

A A* [Now A = (20 X 22 X 24) x 26) 

A ^ A + 2(Now A = 26 + 2 = 28) 

A *— A* X (Now A is the required answer) 

Print A and stop. 

In this algorithm, we find that the two lines A ♦— A+2 and A *— A* X are repeated 
many times. There is a way to write this briefly, as shown in the flowchart below: 

Explanation: The portion 



Fl| 19.4 

is a loop. It is traced again and again. When do we go out of the loop? Only when the 
answer to the decision box ‘Is A > 287’ is *YES\ At that time the value of 4 becomes 
20 X 22 X 24 X 26 X 28. 
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10.5 Summary 

In Example 19.1, we saw an algorithm of the easiest type where the problem involved 
calculations only. In Example 19.2, we saw algorithm for a problem involving both 
calculations and decision-making. In Example 19.3, we saw an algorithm that involves 
calculations, decisions and also loops. In the examples that follow, we take^me problems 
from the earlier chapters of this book and write down algorithms for solving them. The 
Examples 19.4 to 19.6 will be accompanied by actual working of the algorithm in a 
particular instance. In the later example, only the flowchart and its* method will be 
given. 

Example 19.4 

Problem: To And the intersection of a flnite number of finite sets. 

Method: Let the given sets be * * * , An- 

Arrange them in such a way that Ai has the least number of elements, when compared 
with A], * * • , An (this facilitates a quicker solution). 

Let At = - 

Is X] € Ail 

If not, leave X] and go to xj. 

Else, is X] € As? 
and so on. 

If yes for all questions up to “Is X] € Ai?”, print xj. Otherwise, do not print xj. 

Then do the same for xj, xs and so on. 

The printed elements are the elements of the intersection. 

Remark 

After /Print x, j we have the arrow towards 

This roeaiis, w^hould go to the step marked namely, the decision box 
Let us see a particular case of this example. 

Let A ={1,2, 3, 4, 5} 

B ={3,4, 5, 8, 9) 

C ={2,3, 8, 9} 

D ={1,2,3,10} 

be four sets, for which we want to find the intersection. We rename them as 
At =C = {2,3,8,9} 

Ai =A = {1,2,3, 4,5} 

Ai = 5 = {3,4, 5, 8,9} 
and A 4 =Z7 = {1,2,3, 10} 
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Here m = 4 , n = 4 , Xi = 2 , xa = 3 , X3 = 8, X4 = 0 
Is Xi € ^ 42 ? 

Yes, because 2 € > 42 - 

Is 1 = n? No, because n = 4 . 

New i = 3 . 

Is Xi € >43? 

No, because 2 ^ >43. 

Is 3 = m? No, because m = 4 . 

New i = 2 and t = 2 . 

Is X2 € >42? Yes, because 3 € ^42. 

Is 2 = n? No, because n = 4 . 

New i = 3 . 

Is X2 G -^3? Yes 3 G >43. 

Is i = n? No, 3 ^ 4 . 

New 1 = 4 . 

Is X2 G >44? Yes 3 G i44. 

Is 1 = n? Yes, i = n = 4 . 

Print X2. Now 3 is printed. 

Is j = m? No, 2 4 . 

New j = 3 and t = 2. 

Is X3 G >42? No 8 i42. 

Is j = m? No, 3 ^ 4 . 

New j = 4 and i = 2. 

Is X4 G i42? No, 9 0 >42 
Is j = m? Yes, both = 4 . 

Stop. I 

After stopping, what are all the things already printed out? 3 only. 

Then we conclude that 3 is the only element of the intersection. 

That is, i 4 nBnCnZ 7 = { 3 }. 

Remark 

When m and n are large i.e., when too many big sets are given, finding the result by 
using this algorithm in a computer will be fasteir than finding the intersection without 
the computer. 

Example 19.5 

Problem: Check whether a given finite sequence of numbers is in geometric progression. 
Method: Let the given sequence be 

01,02,..., On 

This sequence is in G.P. if and only if 
af = for 2 < i < n — 1. 
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Step 1: Are there at least three terms? If not, conclude that it is not in G.P. and 
stop. 

Step H: Else, verify ifa^= aioj. If, not, conclude that it is not in G.P. and stop. 
Step 3: Else, verify if = 0204 . If not, conclude that it is not in G.P. and stop. Else, 
proceed. 

Step 4’’ Go on, imtil = a„- 20 n is verified. If yes until that, conclude that it is in 
G.P. and stop. 

Particular Instance: Is 2, 6 , 18, 36 in Geometric Progression? 

Here, n = 4 

oi = 2 

03 = 6 
Os = 18 

04 = 36 

Are there at least 3 terms? i.e., is n > 3? 

Yes, ' 

Initially i =2 
A =2 
B =6 
C = 18 

Is = AC 
6 * =18x2? 

Yes. 

New t = 3 
Is t = n? 

No. 


Set A = 6 
H = 18 
C =36 

Is B* = AC? . 
i.e.. Is 18* = 6 X 36? 

No 

PRINT: Not a Geometric Progression. 
STOP. 
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Example 19,6 

Problem: To check the collinearity of n points. 

Method: Let the points be (xj,»i),(xj,jft),- -,(x„,|fr,). 

The equation of the straight line joining the first two points is 

y-yi _ x-xi 
1/2 - yi a?2 - 

This is same as 

ax -f 6y + c = 0 

where a = yi — 1/2 

h = X2 — X\ 

and c =xi(y2-yi)-yi(xa-xi) 

Verify if each of the remaining points satisfy this equation. 

Particular Example: Verify if the following four points are collinear: 

(2, 5), (4, 9), (5, 11) and (7,16) 

Step 1 : We enter the inputs n = 4,Xi = 2,yi 5,X2 = 4,y2 = 9,X3 = 5,y3 = 11, X4 =X 
and y4 = 16. 


Step 2 : We compute a = — 4, 6 = 2, c = — 2 

Step 3 : Compute d = 0x3 -f 6y3 4- c. 
d = 0 is true 

Step 4- i = 4 

Is 4 > n? No. 

Step 5 : Compute d = 0x4 + 6y4 + c = 2 ^ 0; 

hence output: the points are not collinear. 

Example 19.7 

Problem: Given the value of sin 9, find absolute value of tan 9. 

Method: Let a be the given value of sin 9 
Then \a\ has to be < 1 

If \a\ = 1, that is if 8in9 » ±1, then cos9 = 0 and tan9 is not finite. 
If \a\*< 1, then tan9 s and |tan9| = | ^ 

Note also that |a| > 1 if and only if > 1. 



START 


INPUT 

*>* Number of points 

vy» , 

their co - ordinates 


CALCULATE 

b = Xj-x, 

(y:-yi)-yi (X:-x,) 


1 
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Example 19.8 

Problem: Given two positive integers n and r, compute C(n,r). 

Metlwd: C(»,^ - . . . (ll=r±l) 

Br>#, then we use C(n, r) = C(n, n — r). 



YES 
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Example 19.9 

Problem: Calculate the variance and standard deviation for the given raw data. 
Method: Variance (VAR) = ^ J](*i — *)* 

N is total number of observations 
Xi is «th observation 
X is arithmetic mean (AM) 


Standard deviation (SD) = 


V N 

V'VAR 


Step 1 : Take the value of N 

Step 2: Take the values of Xi one-by-one and calculate their sum (SX). 

Step S: Calculate the arithmetic mean AM ^ 

Step 4 : Calculate the deviations about AM for each observation (say = x^ — AM) 
Step 5 : Calculate the sum of squares (55 = ZLyf) 

Step 6: Calculate the variance VAR = SS/N and standard deviation SD = t/VAR 

Observation: The value of 5 will be zero» 

Therefore ^(xi — x) = 0 
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EXERCISE 19.1 

Write an algorithm in the form of a flowchart for the following problems: 

1 . To find the product of the complex numbers zi,Z2s • ‘ ' t^n where n >2, 

2. To find the factorial of a given positive integer. 

3. To find if the given sequence ai, a2, • • • , a„ is in arithmetic progression. 

4. To calculate the median for raw data xi,X2, • * • given in the increasing order. 

5. To find the angles of a right-angled triangle if the ratio of the two sides that include 
the right angle is given. 

6. To verify whether the four given points (xi , j/i), (x2, 2/2)1 (xa, j/3), (X4, 1/4) lie on a circle'. 

7. To decide whether the roots of a given quadratic equation are real and distinct. 

8. To calculate the arithmetic mean of the given n numbers. 
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EXERCISE 13.1 

1. X* + 3x® + 6x* + 7x* -f 6x* + 3x + 1 2. 924 3. 58n/2 

4. (-l)C(6,r)x«-2"y«- 

.. _ii . x'“ . 55x? . 165x* . 330x^ . 462x® . 462x* , 330x^ , 165x® 

5. + a — + 2 — + 5 h s — + "~7 r g — 

y y y y ^ y y y 

6. 18 8. -35(3x)®(^)®, 35(3x)®(^)® 

10. 15 11. 55 12. n = 7; r = 3 13. 7 and 14 

EXERCISE 13.2 

1. 995009990004999 2. 1126162419264 3. 152 4. 96059601 

EXERCISE 13.3 

3. ^ + ^ + + ^ + . vdid wlwn - ^ <x< 

3. 15^ 7. o = 1; 6 = -g 8. .996672 

9.1.06 11. 0 = 2^6 s 12 12. -2 and 3 

Miscellaneous Exercise on Chapter 13 


2 . 12 


g(2+ +4®* + ...) 7.16 
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EXERCISE 14.1 


1.2.7 2. ^c“ 3. J(e + J) 4. c-1 

6. (I) c - 2 (li)e - § (iii) 5 (« - J) (>v) 2 (c - J) - 


7. (i) 2e (ii) ^ (iii) i 

8. (i) f - 1 (ii) e» - 1 

9. (i) «+^ + ^ + ... (ii) 2 



10. 2e 


1 


7. 1.3 

1. e*-e* 


EXERCISE 14.2 


Miscellaneous Exercise on Chapter 14 

2. 0.7788 


EXERCISE 15.1 

1- (i) it.l 

(ii) §1 §1 not'defined 

(iii) 216 sq. units 

(*v)|3i^il 

EXERCISE 15.3 

6 . (i) r = 6 ,il = 36*52',R = 63»8',C»90* 

(u) r * 1.5, A = 53*8', B = 14*14', C = 112*38' 

8 . 161.16 cm^ (nearly), ^7.92 cm^ (nearly) and 1018.81 cm’ (nearly) 

EXERCISE 15.4 ’ 

1 . R ss 37*, 5 as 32 (nearly), c s 54 (nearly) 

2. R as 64*, 5 3 = 5.64, as 2.85 (nearly) 

3. ii s 62*32' , R s 2r 28' , c s 56.8 

4 . ii s 41*, (nearly), R s49* (nearly), o s 2.9 (nearly) 

5. R s 51*, a s 3.6 (nearly), c » 5.8 (nearly) 

6. ii s 42*29', Rs 47*31', &s460 
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EXERCISE 15.5 

1. SS^Sg'SS" (nearly) 2. A = 45“,R = 120», C = 15* 

3. 104*28'39" (nearly) 4. A = 56*15'4", B = 59“51'10",C = 63“53'46" • 

EXERCISE 15.6 

1. A = 117“38'45", B = 27“38'45" 

2. B = 7r44'30", C = 48*15'30" 

3. c = >/6, = 105*, B = 15* 

4. 6 = 40, >1 = 30*, C = 120* 

EXERCISE 15.7 

1. There is no triangle 

2. R, = 15*, C, = 135*, 6i = 50(\/6 - y/2) 

B2 = 105*, Ci = 45*, 6j = 50(v^ + y/2) 

3. c = 4y/3'^ 2^5 

EXERCISE 15.8 

1. (i) o = 70 (nearly), 6 = 76 (nearly), C = 59* 

(ii) 6 = 40.5, 0 = 31.15, C = 4r 

(iii) a = 274 (nearly), C = 339 (nearly), B — 57*50' 

EXERCISE 15.9 

1. 18.12 m 2. 17.32 m; lOm 3. 260.51m 4. 225 m 5. 227.39 m 

6.68.3 m 7. S54*9'43"Ar;22.2km 8.146.4 m 9.17.32 m 

10. .36.54 m, 1015.37 m 11. 1366 m 

EXERCISE 16.1 

1* (0 ^ 00 ^ 0«) ^ Ov) f (v) f (vi) 

i-xy * 1 0 ) 00 } 

13. (1) sin"* f (ii) { (iii) } - x (iv) 3 tan"* § 
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Miscellaneous Exercise on Chapters 15 and 16 

6. (2nir — j), (2n7r ± 6. ^ 7. 

22 . 2n'n+\±A 

EXERCISE 17.1 

2. (a) 12.75 

4. 38.9 paise, Rs 0.39 (See Problem 5 for the explanation) 

6. (a) 8.8 years, 8.2 years (b) The concentration of data in Class IV of school A is much 

higher than that of Class IV of school B. 

7. The mean age is 23.6 years approximately. 

8. 40.6 mm (approx.) 


EXERCISE 17.2 

1. Median = 74th observation = 12. Thus, for about half the number of days, more 
than 12 students were absent. 

2. Median — ^ ^ = 23.5. About 50% of the students obtained less than 23.5 

marks out of 50 in the test. 

3. First note that the class 15-19 represents “15 years or more but less than 20”. 
Median = 24.5 years. Nearly half the women were married between the ages 15 
and 24.5. 

4. The distribution of data is not symmetrical. 

EXERCISE 17.3 

2.. (a) and (b) The variance is the same in both the cases and equal to the variance of 

the original scores obtained. 

4. (a) 69.16 

(b) Variance in case (b) is 4 times the variance in case (a). (See Problem 5 of 
this exercise for the reason.) 

. o* s 140.70, £ — a = 78.58, i + O' =s 102.30, required per cent = 64.6 (You 
may subtract 92 from each score to make calculations easier.) 


6 . 
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EXERCISE 17.4 

L. M = — = 49.5cin, d = 21.5cin, 27, 

2. M = 67. Im*. d = 20.9m*, 48.4%, 97% 


EXERCISE 18.1 

1. Polygon with vertices (0,0), (3,0), ,(0, 1) 

2. Polygon with vertices (1, 0), (6, 0), (6, 3), (^, 5), (0, 5), (0, 1) 

5. a;>0, 2x-|-j/>2, a; — y<l,x-|-2y<8, y>0 

6. X > 0, 2x -f 3y > 3, y > 0, X - 6y < 3, 3x 4 4y < 18, -7x -f 4y > 14 


EXERCISE 18.2 

1. The set of feasible solutions is a polygon with vertices ( 7) i ^2’ ?) * 


max. = 19, min. = 


IS at 


/ 9 25 


Even though the 


2. Max. = ^ (fs and Min. 

set of feasible solutions is not a closed polygon the miii^mum can still be found by 
the graphical method. Min. 9^ is at < 2^ • 


3. Let X km = distance travelled at 25 km/h 
y km = distance travelled at 40 km/h 

We maximise x -f y subject to the constraints 


2x -f 5y < 100, 
< 1 , 
X|y > 0. 


25 49 


Max. = 30 km with x = y = ^ 

4. If X, y denote quantities (in grams) of wheat and rice, our problem is to minimise 
To[io constraints 

0.1x + 0.05y > 50 
0.25x4*0.5y > 200 
x,y > 0 


Diet cost is minimum (Rs 2.40) when x = 400g, y = 20Qg. 







